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ANALYSIS OF DYNAMIC BEHAVIOR OF VISCOELASTIC HELICOIDAL 
RODS WITH MIXED FINITE ELEMENT METHOD 
SUMMARY 
It is generally assumed that the material is elastic if the loading is rapid enough. 
However, in reality, the materials are viscoelastic at some rates due to internal 
friction, and thus a slow and continuous increase of strains at a decreasing rate is 
observed. Among the materials showing viscoelastic behavior are plastic, wood, 
natural and synthetic fibers, concrete and metals at elevated tempetatures. Recent 
developments in technology, such as gas turbines, jet engines, nuclear power plants 
and space crafts, have placed severe demands on high temperature performance of 
materials, including plastics. 
Viscoelasticity is a combination of time independent elastic behavior and time 
dependent viscous behavior. Hence, in case of time dependent behavior of the 
materials, the viscoelastic constitutive relations yield more realistic results than the 
elastic constitutive relations. In the literature various mechanical models exist for 
representing viscoelastic material behavior, such as, Kelvin, Maxwell, generalized 
three parameter model etc. In these models elastic behavior is represented by a spring 
while viscous behavior is represented by a dashpot.  
A coil spring, also known as a helicoidal spring, is a mechanical device, which is 
typically used to store energy and subsequently release it, to absorb shock, or to 
maintain a force between contacting surfaces. Helicoidal springs are used in various 
mechanisms as long as the material has the required combination of rigidity and 
elasticity. The primary functions of springs are to absorb energy and mitigate shock, 
to apply a definite force or torque, to support moving masses or isolate vibration, to 
indicate control load or torque, etc.  
Springs are used in watches, galvanometers and places where electricity must be 
carried to partially-rotating devices such as steering wheels without hindering the 
rotation. Moreover, they are used in electrical swiches, firearm mechanisms, music 
boxes, windup toys and mechanically powered flashlights. Helicoidal rods are used 
as structural elements known as helicoidal staircases, and as mechanical elements in 
vehicle suspension systems and motor valve springs. The helicoidal springs with 
different dimensions are also used in the high-tech applications, industrial 
applications, newly developing viscoelastic dampers (for rail, structure etc.), medical 
researchers (a viscoelastic material model for the arterial tissue etc.) and defense 
industry (infantry rifles, heavy machine guns, armored fighting vehicles armored 
personnel carriers). In practical applications, helicoidal springs are in the form of 
cylindrical and non-cylindrical (barrel, hyperboloidal and conical) types. Having 
constant curvatures along the axis makes analysis of cylindrical helicoidal springs 
simpler than non-cylindrical helicoidal springs. 
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In this thesis, dynamic analysis of cylindrical and non-cylindrical viscoelastic helixes 
with circular and especially non-circular cross sections based on the Timoshenko 
beam theory is studied. Analysis of viscoelastic helicoidal rod is a necessity when we 
think about the wide range of application field of the helicoidal springs in the high-
tech applications. In the case of a circular sections, torsional moment of inertia is 
equal to the polar moment of inertia of the cross-section.  When rectangular cross-
sections are used, we can use some tabular values as a correction parameter. 
However, if the cross-section is non-circular (and non-rectangular), then the torsional 
rigidity of the section needs a special care. The correct solution of the problem of 
torsion of prismatical bars by couples applied at the ends was given by Saint-Venant. 
In this theory, the deformation of the bar consists of rotations and warping of the 
cross-section. The warping is the same for all cross-sections and it is defined in the 
torsional moment of inertia by means of a warping function ψ= ψ(x,y). Instead of 
defining an analytical expression for each cross-section, it can be also calculated 
numerically with enough precision which is attained in this study by using another 
finite element algorithm.  
In the viscoelastic material case, with the help of elastic-viscoelastic analogy 
(correspondence principle), the material constants are replaced, with their complex 
counterparts in the Laplace and Fourier domains. The Laplace and Fourier 
transformations are a kind of analysis methods called integral transformation which 
are studied in the field of operational calculus which focuses on the analysis of linear 
systems. The overall effect of the use of these transforms is to reduce the order of 
difficulty of the problem. They are very powerful mathematical tools applied in 
engineering and science for solving the complex problems with a very simple 
approach just like the applications of transfer functions to solve ordinary differential 
equations. In this thesis, the Laplace transform is used in the calculations of 
viscoelastic helixes because of the importance of the Laplace transform that it easily 
handles many kinds of discontinuous driving functions. The Laplace transform 
reduces derivatives and integrals with respect to time to algebraic expressions of the 
transform parameter. The equations that result after transformation are analogous to 
the field equations, constitutive equations and boundary conditions that govern the 
behavior of an elastic body of the same geometry as the viscoelastic body. In the 
solutions first the Kelvin model is employed. The obtained solutions are transformed 
to the time domain by using both the Durbin’s numerical inverse Laplace method and 
the Fourier transform space (Fast Fourier Transform-FFT- algorithm). This thesis 
also aim to compare the precision, duration, and the advantages/disadvantages of 
these two transformation algorithms. Another aim of this thesis is to give a well 
documentation in the field of transformation of time dependent problems to the 
frequency field for their solution and than a back transformation.  
As long as the wide researches have shown us that, only straight viscoelastic beams 
and cylindrical viscoelastic helixes with a constant circular cross section were 
analyzed up to now. All the proposed problems mentioned below are not only 
original for the literature, but they are also very important in applications of non-
standard engineering problems. In this thesis, dynamic behavior of viscoelastic 
helixes with non-circular cross-sections based on the Timoshenko beam theory is 
investigated with mixed finite element method. Laplace transform is used for the 
viscoelastic behavior of the space bar. First of all, convergence calculations for the 
parameters of the numerical method have been done. One of them is aT, which is 
introduced from modified Durbin’s Laplace transformation method and the other one 
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is 2N that is used to determine the number of calculation points. It’s seen that it’s 
advisable to use aT = 6 comparing to aT = 8 and aT = 10 due to it’s shorter erroneous 
interval. Also 29 number of calculation points is preferred due to the attained enough 
precision in a shorter calculation time period compared to 2N ( 9N > ). Afterward, 
verification examples existing in the literature is handled and quite satisfactory 
results are obtained. Finally, some benchmark problems are solved with tabulated 
results and graphics available for the use in the open literature.  
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VİSKOELASTİK HELİSEL ÇUBUKLARIN DİNAMİK DAVRANIŞININ 
KARIŞIK SONLU ELEMAN YÖNTEMİYLE ANALİZİ 
ÖZET 
Yüklemenin yeterince hızlı olması durumunda, genellikle malzemenin elastik olduğu 
varsayılır. Gerçekte ise, malzemeler iç sürtünmeden dolayı belli oranlarda 
viskoelastiktir ve böylece şekil değiştirmede sürekliliği azalan oranda yavaşlayan bir 
artış gözlenir. Viskoelastik davranış gösteren malzemeler arasında plastikler, ahşap, 
doğal ve sentetik fiberler, beton ve yüksek sıcaklığa maruz metaller sayılabilir. 
Teknolojideki son gelişmeler (gaz tribünleri, jet motorları, nükleer santraller, uzay 
araçları gibi), plastiklerinde dahil olduğu çeşitli malzemelerde yüksek sıcaklık 
performansı konusunda ciddi talepler ortaya koymuştur.  
Viskoelastisite zamandan  bağımsız elastik davranış ile zamana bağlı viskoz 
davranışın birleşimidir. O nedenle malzeme davranışının zamana bağlı olduğu 
durumlarda, viskoelastik bünye bağıntıları elastik bünye bağıntılarına göre daha 
gerçekçi bir yaklaşım sunar. Literatürde viskoelastik davranışı tanımlayan Kelvin, 
Maxwell, genelleştirilmiş üç parametreli gibi değişik mekanik modeller mevcuttur. 
Bu modellerde viskoelastik davranış yağ kutusu ile ve elastik davranış yayla ifade 
edilir. 
Helisel yay olarak da bilinen silindirik yay, şoku emen ya da temas yüzeyleri 
arasında kuvveti aktaran ve genellikle enerji depoladıktan sonra zaman içinde onu 
serbest bırakan bir mekanik elemandır. Helisel yaylar, arzu edilen elastikiyet ve 
rijitliği sağlayacak malzemeden olmak koşuluyla çeşitli mekanizmalarda 
kullanılırlar. Yayların temel fonksiyonları, enerjiyi yutmak ve şoku azaltmak, kuvvet 
ya da burulma uygulamak, hareketli kütleleri desteklemek veya titreşimi azaltmak, 
kontrol yükünü ya da burulmayı belirlemektir. Yaylar; saatlerde, galvanometrelerde 
ve kısmen dönen aletlerde dönmeyi engellemeden elektriğin iletilmesini sağlar. 
Dahası, elektrik anahtarlarında, ateşli silah mekanizmalarında, müzik kutularında, 
kurmalı oyuncaklarda ve mekanik olarak çalışan el fenerlerinde de kullanılır. Helisel 
çubuklar, yapı elemanı olarak helisel merdivenler ve makine elemanı olarak araç 
süspansiyon sistemlerinde ve motor valf yaylarında kullanılır. Farklı boyutlardaki 
helisel yaylar, ileri mühendislik uygulamaları, ileri teknoloji uygulamaları, 
endüstriyel uygulamalar, yeni gelişen viskoelastik sönümleyiciler (ray, yapı vb.), 
tıbbi araştırmalar (atardamar dokusu) ve savunma sanayinde de (piyade tüfekleri, 
ağır makineli tüfekler, tank gibi ağır zırhlı araçlar ve personel taşıyıcılar) 
kullanılırlar. Uygulamada, helisel yayların silindirik ve silindirik olmayan (fıçı, 
hiperboloidal ve konik) tipleri vardır. Çubuk ekseni boyunca eğriliğin sabit olması, 
silindirik helisel yayların analizini silindirik olmayanlara göre daha basit kılar. 
Bu tezde eksen geometrisi silindirik olan ve olmayan, dik kesiti çubuk ekseni 
boyunca sabit olan daire ve daire olmayan, viskoelastik helislerin dinamik analizi 
Timoshenko çubuk kuramı kullanılarak yapılmıştır. İleri teknoloji uygulamalarında 
helisel yayların geniş bir kullanım alanının olması buna gereksinim göstermektedir. 
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Dairesel kesitlerde, burulma atalet momenti kesitin polar atalet momentine eşittir.  
Dikdörtgen kesitlerde kullanıldığında ise bazı tablo değerleri düzeltme parametresi 
olarak kullanılır. Ancak kesit dairesel veya dikdörtgensel olmadığı hallerde, burulma 
rijitliğinin hesabı özel işlem gerektirir. Prizmatik çubukların burulma probleminin 
doğru çözümü Saint-Venant tarafından verilmiştir. Bu teoride, çubuğun 
deformasyonu kesitte dönme ve çarpılmayı içerir. Çarpılma bütün kesit tiplerinde 
aynıdır ve burulma atalet momentinde ψ= ψ(x,y) çarpılma fonksiyonu olarak 
tanımlanır. Her kesit için bir analitik ifade tanımlamak yerine bu çalışmada başka bir 
sonlu eleman algoritması kullanılarak ulaşılabildiği gibi yeterli hassasiyetle sayısal 
olarak hesaplanabilir.  
Viskoelastik malzemede, elastik-viskoelastik analoji (karşıgelim ilkesi) kullanılarak 
malzeme sabitleri, Laplace ve Fourier uzaylarındaki kompleks karşıtları ile yer 
değiştirilmiştir. İntegral dönüşümleri olarak adlandırılan Laplace ve Fourier 
dönüşümleri lineer sistemlerin analizine odaklı işlemsel hesap alanında çalışılan bir 
çeşit analiz metotudur. Bu dönüşümlerin kullanılma amacı problemin zorluğunu 
indirgemektir. Mühendislik ve bilim alanlarında karmaşık problemlerin çözümünde 
kullanılan etkin matematik araçlarıdır. Bu tezde fonksiyonların süreksizlik 
noktalarındaki etkinliği yüzünden Laplace transformu kullanılmıştır. Laplace 
dönüşümü zamana bağlı integral ve türevleri, dönüşüm parametresine bağlı cebirsel 
ifadelere dönüştürür. Dönüşümden sonraki denklemler, aynı geometrideki elastik 
cismin viskoelastik gibi davranışını sergileyen alan denklemlerine, temel 
denklemlerine ve sınır şartlarına benzer. Çözümlerde ilk olarak Kelvin modeli 
kullanılmıştır. Elde edilen sonuçlar, sayısal ters Laplace dönüşüm yöntemlerinden 
biri olan Durbin ve Fourier dönüşüm metodu (Fast Fourier Transform-FFT-
algoritması) kullanılarak zaman uzayına taşınmış ve bu iki dönüşüm algoritmasının 
hassasiyeti, süresi, karşılıklı üstünlüklerinin karşılaştırılması da amaçlanmıştır. Elde 
edilen sonuçlarda modifiye Durbin ters Laplace dönüşümünün kısa sürede daha 
gerçekçi sonuçlar verdiği görülmüş proglamlamaya uygunluğu nedeniyle tercih 
edilmiştir. Yapılan detaylı incelemeler sonucunda çözümlerimizde modifiye Durbin 
ters Laplace dönüşümüne ait aT parametresi ile ilgili literatür incelendikten sonra 
özgün örneklerde uygun sayısal değeri belirlenmiştir. Bu tezin başka bir amacı ise 
zamana bağlı problemlerin çözümü için frekans uzayına ve daha sonra zaman 
uzayına dönüşümlerini yapan dönüşüm metodları alanında geniş bir dökümantasyon 
sağlamaktır.  
Geniş araştırmalar sonucu bilinebildiği kadarıyla, şimdiye kadar sadece doğrusal 
viskoelastik kirişlerin ve sabit dairesel dik kesitli silindirik viskoelastik helislerin 
analizi yapılmıştır. O nedenle aşağıda bahsedilen tüm problemler, literatürde sadece 
orijinal değil, standart olmayan mühendislik problemlerinin uygulamaları için de çok 
önemlidir. Bu tezde, Timoshenko çubuğu teorisine dayanan sabit kesitli ve özellikle 
dairesel kesitli olmayan viskoelastik helislerin dinamik davranışı karışık sonlu 
eleman yöntemi kullanılarak incelenmiştir. Uzay çubuğunun viskoelastik davranışı 
için Laplace dönüşüm yöntemi kullanıldı. İlk olarak, sekiz farklı yükleme için sayısal 
yöntemin parametreleri üzerinde yakınsama çalışmaları yapıldı. Bu parametrelerden 
biri, geliştirilmiş Durbin Laplace dönüşüm yöntemlerinde kullanılan aT parametresi, 
diğeri ise zaman aralığında hesapların yapılacağı nokta sayısını belirlemede 
kullanılan 2N parametresidir. Laplace dönüşümü bilinen bazı fonksiyonlar zaman 
uzayına taşındı ve elde edilen sonuçlar kesin sonuçlarla karşılaştırıldı (bakınız 
Örnekler 1.1-1.8). Elde edilen sonuçlar ışığında, aT parametresinin 8 ve 10 alınarak 
incelenen sonuçlarına göre daha kısa hatalı zaman aralığı verdiğinden ve sadece adım 
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tipi ve Heaviside birim adım gibi fonksiyonlarda kesin sonuçlara göre yüzdesel hata 
olarak aT parametresinin 8 ve 10 olduğu sonuçlara kıyasla daha büyük değerde 
olmasına rağmen, binde mertebelerinde kaldığından ve diğer fonksiyonlarda da aT 
parametresinin incelenen diğer değerlerine göre daha iyi bir yakınsama sağladığından 
dolayı, aT parametresinin 6 olarak alınması tercih edilmiştir. Daha sonra kare kesitli 
ankastre viskoelastik silindirik helisel çubuk üzerinde her bir yükleme için aT 
parametresinin doğrulaması yapılarak aynı zamanda 2N parametresinin yakınsama 
problemlerine geçilmiştir (bakınız Örnekler 2.1-2.8). Elde edilen sonuçlar ışığında, 
2N parametresi için 9N >  olduğu durumlara nazaran kısa hesap zamanı içerisinde 
yeterli hassasiyeti sağladığından dolayı 29 hesap noktası sayısı tercih edilmiştir. Daha 
sonra, literatürde mevcut serbest uçtan noktasal ve düşey olarak uygulanan adım tipi 
ve impulsif sinüzoidal yükleme altında incelenen kare kesitli ankastre viskoelastik 
silindirik helis çalışmasıyla karşılaştırma çalışmaları yapılarak, oldukça tatminkar 
sonuçlar elde edilmiştir (bakınız Örnek 3.1). Son olarak sonuçların çizelge ve 
şekillerle de verildiği orijinal örneklere geçilmiştir. Orijinal örnekler kısmında, ilk 
olarak literatürle karşılaştırma çalışmasında geçen serbest uçtan noktasal ve düşey 
olarak uygulanan adım tipi ve impulsif sinüzoidal yükleme altında incelenen kare 
kesitli ankastre viskoelastik silindirik helis, kesit alanı aynı olacak şekilde daire kesit 
için analizi yapılmış ve serbest uçtan noktasal ve düşey adım tipi yükleme altında 
kesit alanının değişimi incelenmiştir (bakınız Örnek 4.1). Daha sonra serbest uçtan 
noktasal ve düşey olarak uygulanan adım tipi yüklemeler altında ilk olarak kare 
kesitli daha sonra aynı kesit alanına sahip daire kesitli olmak üzere ankastre 
viskoelastik konik helis örnekleri yarım tur için çözülmüş ve sönüm parametresinin 
0.02, 0.002, 0.0002f =  olduğu değerler için ve her bir sönüm parametresinde taban 
yarıçapı sabit olarak tavan yarıçapı değiştirilip koniklik oranının 0.4, 0.6, 0.8,1ζ =  
olduğu değerler için helislerin analizi yapılmıştır (bakınız Örnekler 4.2 ve 4.3). 
Koniklik oranı ve sönüm parametresinin değişimi incelenmiş ve ayrıca konik heliste 
kare kesitle daire kesitin sonuçları karşılaştırılmıştır. Son örnek olarak serbest uçtan 
noktasal ve düşey olarak uygulanan adım tipi yükleme altında dikdörtgen kesitli 
ankastre konik helisin 1.5 tur ve sönüm parametresinin 0.02, 0.002, 0.0002f =  
olduğu değerler için analizi yapılmış, sönüm parametresinin etkisi incelenmiştir 
(bakınız Örnek 4.4). 
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1.  INTRODUCTION 
Helical springs are elements that have ability of elastic deformation under the effect 
of force, absorb energy while deforming and after unloading they return back to their 
undeformed shapes completely or partially. They have an important place in 
engineering applications. For example; in mechanical engineering they are preferred 
to reduce the vibration and in civil engineering used as helical carrier systems, 
especially as stairs because of their architectural features. For that reason, there are a 
great number of studies about elastic springs, while a limited amount on viscoelastic 
helical springs and helical carrier systems. 
The materials can be grouped as elastic, plastic or viscoelastic according to their 
mechanical behaviors. Elastic behavior is the simplest. But in fact, due to the internal 
frictions some amount of viscoelastic behavior occurs. Hence in some problems 
viscoelastic behavior is not negligible. Since some physicists, like Maxwell, 
Boltzmann, Kelvin (Flügge, 1975; Christensen, 1982) investigated yield and 
recovery relationship of materials in 19th century. After the use of the synthetic 
polymers in 20th century, much more studies have been done to investigate the 
viscoelastic behavior. The use of viscoelastic materials to control the vibration of 
frames of planes has started in 1950s. The first application in civil engineering was 
World Trade Center Towers (1969) which had steel carrier system and it collapsed in 
11 September attacks. 10000 viscoelastic dampers were used to reduce the wind 
vibrations. Viscoelastic materials that are used in civil engineering structures are 
made of typical carbon polymers or similar solid materials (Aldemir and Aydın, 
2005). Helical springs and viscoelastic dampers are used under machine foundation 
for the aim of distributing energy (Tezcan and Uluca, 2003). 
1.1 Literature Review 
Many researchers investigated statical analysis (Holmes, 1957; Scordelis, 1960; 
Cinemre, 1960; Eisenberger, 1991; Omurtag and Aköz, 1992; Haktanır, 1990; 
Haktanır and Kıral, 1993; Haktanır, 1995; Busool and Eisenberger, 2001) and free 
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vibration analysis of elastic cylindrical helical springs (Mottershead, 1980; Yıldırım, 
1999a; Lee, 2007a; Yu and Yang, 2010). Free vibration analysis of non-cylindrical 
helical springs is investigated by using transfer matrix method (Yıldırım and İnce, 
1997; Nagaya et al., 1986), combined use of the transfer matrix method and the 
complementary functions method (Yıldırım, 1997), the stiffness matrix method 
(Yıldırım, 1998; Yıldırım, 2002; Busool and Eisenberger, 2002), the mixed finite 
element method (Girgin, 2006) and the pseudospectral method (Lee, 2007b). Free 
vibration analysis of cylindrical and non-cylindrical helical springs made of 
composite material was investigated by Yıldırım (1999b, 2001a, 2001b, 2004), 
Yıldırım et al. (1999) and Yıldırım and Sancaktar (2000). Also, forced vibration 
analysis of cylindrical and non-cylindrical helical rods made of elastic and/or 
composite material was investigated (Temel and Çalım, 2003; Temel et al., 2005; 
Çalım 2009a, 2009b). 
A mathematical analogy exists which permits the determination of the viscoelastic 
stresses and strains in a body from the corresponding elastic stresses and strains in 
the same body. This technique is named as the correspondence principle and it is first 
applied to incompressible materials by Alfrey (1948) and is extended by Tsien 
(1950) and Read (1950). More details and references about this subject can be found 
in Lee (1955). 
In literature, there are studies based on the fact that the governing equations of 
viscoelasticity can be converted to the equations of elasticity by integral 
transformations, such as, Flügge (1975) investigated viscoelastic beams by using 
Laplace transformation and Christensen (1982) investigated dynamic behaviors of 
viscoelastic beams by using Fourier transformation. Findley et al. (1976) used 
correspondence and superposition principles for solving equations of viscoelastic 
beam. Yamada et al. (1974) investigated free vibration of viscoelastic rods. Kıral et 
al. (1976) investigated the naturally curved and twisted linearly viscoelastic 
Timoshenko rods with square cross-section subjected to arbitrary time-dependent 
loading including rotary inertia under the assumption of infinitesimal displacements 
and their gradients. They reduced the set of integro-differential governing equations 
to two-point boundary value problems in the Laplace transform domain by means of 
the transfer matrix method. Chen and Lin (1982) investigated dynamic behaviors of 
viscoelastic straight beams through Finite element method (FEM) based on the 
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Hamilton’s variational principle by using time-dependent yield expression. They 
used Norton’s time hardening law to model the viscoelastic material properties. 
White (1968) presented a stress analysis method based on assumptions of linear 
viscoelasticity with hereditary integral form of stress-strain relation; validity of the 
reduced time hypothesis; bulk modulus constant in time; homogeneous isotropic 
material, which includes capability for transient non-homogeneous temperature 
distribution using plane strain finite element formulation. Payette and Reddy (2010) 
developed weak form finite element models for nonlinear quasi-static bending and 
extension of initially straight linearly viscoelastic Euler-Bernoulli and Timoshenko 
beams with square cross-section using the principle of virtual work. A Newton-
Raphson iterative scheme was employed to solve the nonlinear finite element 
equations and viscoelastic material properties were based on the experimental 
findings of Lai and Bakker (1996) for a glassy amorphous polymer material while 
assumed shear and relaxation moduli relation were taken from the approach of Chen 
(1995).  
Chen and Chan (2000) developed finite element formulations by using the Fourier 
transform for beams, plates and shells. Sun (2002) investigated the steady state 
response of a beam on a viscoelastic foundation subjected to a harmonic line load by 
using the Fourier transform. The Fourier transform method is well documented in 
Cooley et al. (1969) and Argeso (2003).  
Guo et al. (2009) proposed a hybrid optimal algorithm to determine the viscoelastic 
parameters in the constitutive relation according to the experimentally obtained 
mechanical properties of a free layer damping cantilever beam a specially developed 
asphalt material. Their algorithm merges the Broydon-Flecther-Goldfarb-Shanno 
searches. They used locally optimal points for trapping. The objective functions of 
storage modulus and loss factor are established using least square method. Park and 
Schapery (1999) presented a method of interconversion between linear viscoelastic 
material functions based on a Prony series representation and tested it using 
experimental data from polymethyl methacrylate for the tensile relaxation data and 
polyisobutylene for the shear storage compliance data. As an example, they 
considered converting a relaxation modulus into the operational and complex moduli 
and all forms compliance functions. As another one, conversion of a storage data 
function into other functions is considered. The source series representations were 
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obtained through the use of the collocation method by Schapery (1961). In Schapery 
and Park (1999), they proposed an approximate interconversion method that is based 
on the characteristic mathematical properties of the narrow-band weight functions 
involved in the interrelationships between broad-band material functions. 
Kim and Kim (2001) studied the parametric instability of a laminated viscoelastic 
beam subjected to a periodic loading by finite element method. The governing 
equations are derived from Hamilton’s principle with Boltzmann’s superposition 
principle. The time-dependence properties of the materials are implemented in the 
form of hereditary type constitutive equations. Pavlović et al. (2001) formulated the 
stochastic instability problem associated with an axially time-dependent loaded 
viscoelastic Timoshenko beam as Voigt-Kelvin body by using direct Liapunov 
method. Neglecting the transverse shear effect, numerical calculation is performed 
for solid circular cross-section, solid rectangular, thin circular and thin rectangular. 
Pálfalvi (2008) developed the internal variable formulation and the anelastic 
displacement field method variants of the finite element method for the dynamic 
analysis of the viscoelastic Euler-Bernoulli cantilever beams with rectangular cross-
section. Hilton (2009) derived expressions for the viscoelastic Timoshenko shear 
functions in terms of stresses, material properties, loading histories and paths, cross-
sectional geometry, boundary and initial conditions under bending and twisting by 
using Fourier transformation. Wang et al. (1997) obtained viscoelastic Timoshenko 
solutions from the Euler-Bernoulli solutions using the linking derivation of Wang 
(1995). Enelund et al. (1999) presented a physically sound three-dimensional 
anisotropic formulation of the standard linear viscoelastic solid with integer or 
fractional order rate laws for a finite set of the pertinent internal variables. They 
developed a time integration scheme based on the Generalized Midpoint rule 
together with the Grünwald algorithm and investigated the predictive capability of 
the viscoelastic model for describing creep, relaxation and damped dynamic 
responses both analytically and numerically by finite element method. They used 
both Laplace and Fourier transformation. In numerical examples they investigated 
the quasi-static and damped responses of a viscoelastic ballast material that is 
subjected to loads simulating the overrolling of a train. Kocatürk and Şimşek (2004) 
analyzed the transverse vibration of a Kelvin model viscoelastic Euler-Bernoulli 
simply supported beam constant cross-section  with intermediate point constraints 
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subjected to a moving harmonic load, Kocatürk and Şimşek (2006a) analyzed the 
problem of lateral vibration of a Kelvin-Voigt model viscoelastic Bernoulli-Euler 
simply supported beam subjected to an eccentric compressive force and a 
harmonically varying transverse concentrated moving force and Kocatürk and 
Şimşek (2006b) analyzed the dynamic response of eccentrically prestressed Kelvin-
Voigt model viscoelastic Timoshenko simply supported beams under a moving 
harmonic load with constant axial speed by Lagrange equations. The system of 
algebraic equations is solved by using the direct time integration method of 
Newmark (1959). He compared his results with the study of Timoshenko and Young 
(1955) and Fryba (1972). Erol et al. (2008) studied statical analysis of viscoelastic 
straight simply supported beams rectangular cross-section through finite element 
method by using Laplace transformation. They combined constitution equations in 
one function with Hamilton principle. They stated time-dependent behavior of the 
material with the help of the Prony series. Chen (1995) solved the quasi-static and 
dynamic responses of a linear viscoelastic Timoshenko beam numerically by using 
the hybrid Laplace transform/finite element method. The temperature field was 
assumed to be constant and homogeneous and that the relaxation modulus had the 
form of the Prony series. In analysis part, he got numerical results of quasi-static and 
dynamic responses of simply supported and clamped beams rectangular cross-section 
for the models of Maxwell fluid and three parameter solid types.  
Based on the Gáteaux differential and the mixed finite element method, Kadıoğlu 
(1999), Aköz and Kadıoğlu (1999) and finally Kadıoğlu and Aköz (2003) has 
investigated quasi-static and dynamic analysis of viscoelastic Euler-Bernoulli and 
Timoshenko beams with constant circular sections on Winkler foundation using the 
Laplace-Carson transformation. Cebecigil (2005) and Yüksekoğlu (2005) studied 
quasi-static and dynamic analysis of viscoelastic Timoshenko beams on Winkler 
foundation using the Laplace-Carson transformation method and weak formulation. 
Temel (2004), Temel et al. (2004), Temel and Çalım (2003), Temel et al. (2003) and 
Çalım and Temel (2002) studied quasi-static and dynamic analysis of viscoelastic 
straight and helical beams subject to time dependent loads in the Laplace domain. By 
using the complementary functions method, the ordinary differential equations based 
on Timoshenko beam theory are solved numerically. 
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1.2 Purpose of Thesis 
In literature, although there are a great number of studies about dynamical analysis of 
viscoelastic straight rods with a circular or non-circular cross-section, a limited 
amount of dynamic analysis of viscoelastic helical rods. Also in those studies, only 
constant circular and rectangular cross-section of cylindrical viscoelastic helical rods 
were handled. In this study, dynamic analysis of cylindrical and non-cylindrical 
viscoelastic helical rods with circular and non-circular sections is investigated. For 
this purpose, the functional developed for elastic helical rods by Omurtag and Aköz 
(1992) is transformed to frequency domain by Laplace transformation for solving 
viscoelastic problems. For the viscoelastic behavior of the structure, Kelvin model is 
proposed, and the analysis is carried out by the mixed finite element method 
(MFEM). For the viscoelastic materials properties the correspondence principle is 
used. For the non-cylindrical helicoidal rods, the geometry is defined by considering 
the variations of the curvatures as suggested by Omurtag and Aköz (1992). To find 
the torsional stiffness of the helixes with non-circular cross-section (can be laminated 
too) finite element solution of Saygun et al. (2007) is used. Mixed finite element 
solution is done in Laplace domain and then transformed back to time domain by 
using modified Durbin algorithm (Narayanan, 1979) that is developed from Dubner 
and Abate (1968) and Durbin (1974). More detailed information exists in Çalım 
(2003) and Temel et al. (2004).  
For the analysis of the viscoelastic helicoidal rods, first of all, convergence 
investigation for the parameters aT and 2N (see Eqn. 2.28) of the modified Durbin’s 
Laplace transformation method have been done (see Examples 1.1 − 1.8) and then 
the previously desired parameters are verified by solving a cylindrical viscoelastic 
helicoidal rod with a square cross-section (see Examples 2.1 − 2.8). It’s observed that 
aT = 6 is advisable due to it’s shorter erroneous intervals when compared with aT = 8 
and aT = 10. Also 29 calculation points is preferred due to the attained enough 
precision in a shorter computer calculation time interval compared to 2N ( 9N > ). 
Afterward, verification analysis of a viscoelastic cylindrical helicoidal rod with a 
constant square cross-section has been done (see Example 3.1) with Temel et al. 
(2004) and quite satisfactory results are obtained. Then these results are compared 
with a viscoelastic cylindrical helicoidal rod with a constant circular cross-section 
using the same cross-sectional area value given in Example 3.1 (see Example 4.1). In 
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the section of the benchmark examples, investigation of the influence of the damping 
parameter f and the taper ratio ζ  in the case of conical helix with a circular and a 
square cross-section have been carried on and these results are compared with each 
other (see Examples 4.2 and 4.3). Finally, the dynamic behavior of a viscoelastic 
cantilever conical helix with a rectangular cross-section under a vertical step type 
point loading applied at the tip of the rod is analyzed (see Example 4.4) and the 
influence of the damping parameter f  is investigated. 
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2.  TRANSFORMATION METHODS 
2.1 Introduction 
In this part, the Fourier and the inverse Fourier transformation, the Laplace and the 
inverse Laplace transformation methods are investigated. These methods are a kind 
of analysis methods called integral transformation that are studied in the field of 
operational calculus which focuses on the analysis of linear systems. The overall 
effect of the use of these transforms is to reduce the order of difficulty of the 
problem. They are very powerful mathematical tools applied in engineering and 
science for solving the complex problems with a very simple approach just like the 
applications of transfer functions to solve ordinary differential equations. The 
equations that result after transformation are analogous to the field equations, 
constitutive equations and boundary conditions that govern the behavior of an elastic 
body of the same geometry as the viscoelastic body. If the solution to this associated 
elastic problem can be obtained, the solution to the time dependent viscoelastic 
problem can be obtained by operating upon the stresses and displacements of the 
associated elastic problem with an inverse transformation.  
It is clear that, the Fourier and the Laplace transforms are analouges to each other, 
and one can write the transformed field equations in the space of one, and with a 
simple parameter modification these equations can be transformed to the space of the 
other. In order to show this simple analogy, we will begin with the Fourier 
transformation and end up with the Laplace transformation of the equations. 
2.2 The Fourier Transformation 
Assuming a real valued function ( )f t  defined in time space (see Figure 2.1) for 
0t ≥ , the Fourier transform of ( )f t  by definition is: 
 [ ]( ) ( )f t f ω= ɶF    ;   
0
( ) : ( ) di tf f t e tωω
∞
−=∫ɶ  (2.1) 
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where, ( )f ωɶ  designates the Fourier Transform and ω  is the parameter of the 
Fourier transform, which corresponds to frequency. The Fourier transform of ( )f t  is 
a complex valued function of ω  and ( ) ( )
0
di te tω
∞
−  =  ∫… …F  is the Fourier 
transform operator. 
 
Figure 2.1 : Time dependent function  f (t) defined for positive values of time 0t ≥ . 
If we examine the behavior of ( )f ωɶ . ( )Re f ω  ɶ  which is the Real part of ( )f ωɶ  is 
symmetric about 0ω =  and ( )Im f ω  ɶ  which is the imaginary part of ( )f ωɶ  is anti-
symmetric about 0ω =
 
(see Figure 2.2). The inverse Fourier transform is given by 
 
1( ) : ( ) d
2
i tf t f e ωω ω
pi
∞
−∞
= ∫ ɶ  (2.2) 
Write Eqn. (2.2) symbolically, as follows, 
 
1( ) [ ( )]f t f ω−= ɶF  (2.3) 
where ( ) ( )1 1
2
di te ω
pi
ω
∞
− −
−∞
  =  ∫… …F  is the inverse Fourier transform operator. 
 
Figure 2.2 : Behavior of a complex valued function ( )f ωɶ  defined in Fourier-space. 
2.2.1 Time derivatives of f (t)  
We consider a function f  which depends on time ( ( )f f t= ) 
 
(0)d( ) ;
d
n
n
n
ff t f f
t
= =  (2.4) 
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where, the superscript n  over f  denotes the thn  order derivative with respect to 
time. It can be shown that, 
 
1 2 ( 1)[ ( )] ( ) ( ) (0) ( ) (0)............... (0)n n n n nf t i f i f i f fω ω ω− − −= − − ɺɶF  (2.5) 
where, [ ( )]nf tF  contains (n+1) terms and, the terms 1 2( ) (0) , ( ) (0),n ni f i fω ω− − ɺ
( 1) (0)nf −  represents the initial values of the function and its derivatives. If 1n =  and 
2 respectively, 
 [ ] ( ) (0)f i f fω= −ɺ ɶF  (2.6) 
 
2[ ] ( ) ( ) (0) (0)f i f i f fω ω= − −ɺɺ ɺɶF  (2.7)  
If the initial conditions are zero, that is (0) (0) (0) .......... 0f f f= = = =ɺ ɺɺ , then 
the above equations yield to Table 2.1. 
Table 2.1 : Corresponding transforms in the Fourier space of time derivatives of f (t) 
defined in time space. 
2
TS FTS
( ) ( ) [ ( )]
d ( ) ( )
d
( ) ( )
( ) ( )
d ( )
d
n n
f t f f t
f f t i f
t
f t i f
f t i f
i
t
ω
ω
ω
ω
ω
→ =
= →
→
→
→
→
ɶ
ɺ ɶ
ɺɺ ɶ
⋮ ⋮
ɶ
F
 
2.2.2 Convolution integral 
Consider an integral given in the form 
 
( ) ( ) dI f t g
∞
−∞
= −∫ τ τ τ  (2.8) 
This form of an integral is called convolution integral of the functions ( )f t  and ( )g t , 
where, τ  is integration variable and Ι  will be a function of t , that is, ( )I I t= . 
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Assuming ( ) 0g =τ  for 0≥τ  and ( ) 0g =τ  for 0<τ , this means the lower limit of 
the convolution integral can be replaced by 0 and Eqn. (2.8) becomes, 
 
0
( ) ( ) dI f t g
∞
= −∫ τ τ τ  (2.9) 
In addition if we also assume ( ) 0f t− =τ  for 0t− ≥τ  (or t ≥τ ) and ( ) 0f t− =τ  
for 0t− <τ
 
(or
 
t <τ ),
 
then the upper limit of the convolution integral can be 
replaced by t , and Eqn. (2.9) becomes, 
 
0
( ) ( ) d
t
I f t g= −∫ τ τ τ  (2.10) 
It can be shown that the Fourier transform of *f g  is 
 
0
[ * ] : , * ( ) ( ) d
t
f g f g f g f t gτ τ τ= ⋅ = −∫ɶ ɶF  (2.11) 
Fourier transformation of some functions are given in Table 2.2. 
Table 2.2 : Corresponding transforms in the Fourier space of some functions defined 
in time space. 
Time Space Fourier Transform Space 
0b >  
sin( )bte at−     ( )22
a
a b iω+ +
 
cos( )bte at−     ( )22
b i
a b i
ω
ω
+
+ +
 
1 for 0[H( )]: H( )
0 for 0
t
t t
t
= ≥
= <
 
1
iω
 
        [ ]H( )t t  
( )2
1
iω
 
2.2.3 Limit theorems 
Limit theorems will be used in the calculations of Creep functions and Relaxation 
functions of Kelvin, Maxwell and Standard model as an another way of calculating 
these functions in the following sections. By definition: 
 [ ( )] : ( )f t f ω= ɶF  (2.12) 
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 lim ( ) ( ) : (0)i f f
ω
ω ω
→∞
=ɶ  (2.13) 
 
0
lim ( ) ( ) : ( )i f f
ω
ω ω
→
= ∞ɶ  (2.14) 
where, 0(0) tf f ==  and ( ) tf f →∞∞ = .  
2.3 The Laplace Transformations 
If a function is stated at all of the positive time values, it can be written in a form 
which is a related quantity called the Laplace Transform conversely if the Laplace 
Transform is known, it can be possible to find the value of the function from it. The 
importance of the Laplace transform is that it easily handles many kinds of 
discontinuous driving functions. Many functions necessary for the solution of 
problems are discontinuous at 0t =  where its Laplace Transform is a continuous 
function, and this makes the manipulation easier. The Laplace transformation 
reduces derivatives and integrals with respect to time to algebraic expressions of the 
transform parameter. The equations that result after transformation are analogous to 
the field equations, constitutive equations and boundary conditions that govern the 
behavior of an elastic body of the same geometry as the viscoelastic body (Jaeger, 
1962). The Laplace transformation of a time dependent function ( )f t , for 0t > , 
 [ ( )]: ( )f t f z=L  (2.15) 
 
0
( ) : ( ) dztf z f t e t
∞
−= ∫  (2.16) 
where, z  is the Laplace transformation parameter. The Laplace transformation of a 
first-order and a second-order time-dependent derivatives of ( )f t  are, 
 
2
[ ( )] ( ) (0)
[ ( )] ( ) (0) (0)
f t z f z f
f t z f z z f f
= −
= − −
ɺ
ɺɺ ɺ
L
L
 (2.17) 
where, 2 2d /d , d /df t f f t f= =ɺ ɺɺ . The terms (0)f , (0)fɺ  are the initial conditions 
of ( )f t  at 0t = . 
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For the solutions of dynamical problems in transformed space, first a time-dependent 
load function should be transformed to the Laplace domain. For that purpose, the 
steps given below have to be followed: 
a) The Laplace transform of some analytical functions can be obtained in closed 
form (see Table 2.3) 
b) If the Laplace transform of an analytical function in a closed form is not 
available in the tables, we can calculate it numerically. In this case, numerical 
values of the function are determined separately, and their transformation based 
on the Fast Fourier Transformation can be calculated by means of the direct 
Laplace method. 
c) Numerical values of the earthquake records or outputs measured experimentally 
are known only for a finite time period. In this case, the Laplace transform of 
load functions can be done either by direct Laplace transformation method or by 
one of an appropriate numerical Laplace transformation. 
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Table 2.3 : The Laplace transforms in closed form of some functions defined in time 
space. 
Load Types Time space ( )f t  
Laplace Transform 
( )f z  
Step type 
 
0P
z
 
Rectangular Impulse 
 
( )0 1 czP e
z
−−
 
Triangle 
Impulse 
 
21
2
0
1 2
cz
eP
z c
−  − 
  
 
Right Triangle 
Impulse 
 
0 2
1 1 czeP
z cz
− − −  
 
Sinusoidal 
Impulse 
 
( )
0 2 2 2
1 czc e
P
c z
pi
pi
−+
+
 
Periodical 
Rectangular ( ) ( )0
2 1 H 2k
k
t k
∞
=
− −∑  ( )2
2
1 zz e−+
 
Heaviside Unit 
Function ( )H 25t−  
25ze
z
−
 
Increasing Sinus 12 sint t  ( )22 1
z
z +
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Figure 2.3 : Variation by time of a load function f (t) known at some specified times. 
2.4 The Numerical Laplace Transformations 
2.4.1 Direct Laplace transformation 
Let us assume that, the values of a function are known at some specified times 
1 ,..., ,...,i Nt t t  but we do not know its analytical expression. The Laplace transform of a 
function ( )f t  that has a linear variation between two points (see Figure 2.3), is as 
follows: 
 
11
0
( ) ( ) d
i
i
tN
zt
i t
f z f t e t
+−
−
=
=∑∫  (2.18) 
Change of the function ( )f t  in the interval it  and 1it +  can be defined as, 
 ( )( ) ( )i i
ff t f t t t
t
∆
= + −
∆
 (2.19) 
where, by definition, 
 1 1( ) ( ) ,i i i if f t f t t t t+ +∆ = − ∆ = −  (2.20) 
By means of Eqn. (2.19) and Eqn. (2.20), the integral in Eqn. (2.18) yields to, 
 ( )
1 1 1
( ) d ( ) d d
i i i
i i i
t t t
zt zt zt
i i
t t t
ff t e t f t e t t t e t
t
+ + +
− − −∆= + −
∆∫ ∫ ∫  (2.21) 
If this integral is inserted to Eqn. (2.18) direct transform for a single z  parameter can 
be calculated in closed form, 
 ( ) ( ){ } { }1 1
1
12
1
1( ) i ii i
N
zt ztzt zt
i i
i
f z z t f t e f t e f e e
z t
+ +
−
− −− −
+
=
 = ∆ − +∆ −  ∆∑  (2.22) 
This direct transform will be repeated for each different z  Laplace parameters. 
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2.4.2 Numerical Laplace transformation based on FFT 
Assume that, a function ( )f t  is defined in time space, as follows: 
 
( ) , 0( ) :
0 , 0 and
f t t Tf t
t t T
= ≤ ≤= < >
 (2.23) 
The Laplace transform of this function is: 
 
0
( ) [ ( )] ( ) d
T
ztf z f t f t e t−= =∫L  (2.24) 
For each discrete values of ( )f t  at nt t n t= = ∆ , the above integral can be written in 
the form by Fast Fourier Transform algorithm (Brigham, 1974), 
 
21
0
( ) ( ) n
nkN i
at N
k n
n
f z t f t e e
pi− −−
=
 = ∆   ∑  (2.25) 
where, (2 / )kz a i k T= + pi  is the kth transformation parameter and /t T N∆ =  is time 
interval. 
2.4.3 Numerical inverse Laplace transformation methods 
Continuous inverse Laplace transformation, 
 
1[ ( )]: ( )f z f t− =L    ;   1( ) : ( ) d
2
a i
zt
a i
f t f z e z
ipi
+∞
−∞
= ∫  (2.26) 
where, a is an arbitrary constant bigger than zero that removes singularity in all real 
parts of ( )f z . A good numerical discrete inverse transformation method is needed 
for transforming solutions to time domain from solutions gotten in Laplace domain 
in analysis of physical problems. 
2.4.3.1 “Maximum Degree of Precision (MDOP)” method 
Inverse transformation in this method that is similar to Gauss numerical integration 
form, 
 
1
1( )
N
m k
k k
k
zf t w z f
t t=
 ≅   ∑  (2.27) 
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Where, kw  is the value of weight and kz  is the value of the Laplace transformation 
method. Values of weight and abscissa are given in Krylov and Skoblya (1969) for 
selected m parameter and N  number of terms. 
2.4.3.2 Durbin’s modified inverse Laplace transformation method 
This method was developed from Dubner and Abate’s method based on finite 
Fourier-Cosine transformation (Dubner and Abate, 1968). Durbin’s numerical 
inverse Laplace transformation method (Durbin, 1974) is given below, 
 ( ) ( ){ } ( ) ( )( )
21
0
2 1 Re Re
2
aj t N i jk
N
j
k
ef t f a A k iB k e
T
 ∆ −    
=
     ≅ − + +       
∑
pi
 (2.28) 
 ( )
0
2( ) Re
L
I
A k f a i k IN
T=
    = + +       
∑ pi  (2.29) 
 ( )
0
2( ) Im
L
I
B k f a i k IN
T=
    = + +       
∑ pi  (2.30) 
where, i  is the complex number, T is the time interval of the solution, N  is the 
equal time periods, ( 2 )kz a i k T= + pi  is kth Laplace transformation parameter, 
/ , ( 0,1, 2, ...., 1)jt j t jT N j N= ∆ = = −  and, 
 
aT
a
T
= ⋅  (2.31) 
For the time interval 0 t T≤ ≤ , the function ( )f t  is calculated. It was indicated that 
satisfactory precision can be obtained for 5 10aT≤ ≤  in Durbin (1974). In Eqn. 
(2.28), the second part of the equality between the brackets is 
 ( ) ( )
21
0
N i jk
N
k
A k iB k e
pi −    
=
 + ∑  (2.32) 
calculated by using a Fast Fourier Transform sub-program in order to attain a better 
convergence (Brigham, 1974). Eqn. (2.28) can also be modified according to the 
Narayanan’s suggestion (Narayanan, 1979) 
 ( ){ } ( ){ }
21
0
2 1( ) Re Re L
2
aj t N i jk
N
j k k
k
ef t f a f z e
T
pi ∆ −    
=
     ≅ − +        
∑  (2.33) 
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where, each term of discrete values that is calculated in the Laplace domain is 
modified by multiplying Lanczos ( )Lk  factor. This factor will be chosen as follows, 
 
( )
1 , 0
sinL :
, 0k
k
k
N kk
N
pi
pi
 = = = >
 (2.34) 
2.4.3.3 Comparison of inverse Laplace transformation methods with each other 
In Çalım (2003), inverse transforms of some functions are compared with each other 
(see Figure 2.4-2.6 and Table 2.4-2.6). The comparison is carried out between 
“Maximum Degree of Precision” (see Eqn.(2.27)), Durbin (see Eqn.(2.28)) and 
modified Durbin  (see Eqn.(2.33)) methods. It’s seen that Modified Durbin’s inverse 
transformation method’s solutions are closer to the real solutions than Maximum 
Degree of Precision and Durbin methods. 
 
Figure 2.4 : Comparison of inverse Laplace transformation methods with each other 
for the periodical rectangular function (Çalım, 2003). 
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Table 2.4 : Comparison of inverse Laplace transformation methods with each other 
for periodical rectangular function (Çalım, 2003). 
 
t (s) 
EXACT MODIFIED DURBIN DURBIN MDOP 
 aT=8 ; N=256 aT=8 ; N=256 ; L=4 N=10 
0 1 0.993080 0.999340 - 
1 2 2.000100 1.995000 2.000950 
2 1 1.007700 0.999020 1.087468 
3 0 0.000651 0.003654 0.231994 
4 1 0.993080 0.999620 0.751904 
5 2 2.000100 1.994900 2.477701 
6 1 1.007700 0.998820 0.950478 
7 0 0.000651 0.003368 -0.377880 
8 1 0.993080 0.999320 0.943802 
9 2 2.000100 1.994700 2.252096 
10 1 1.007700 0.998820 1.145188 
11 0 0.000650 0.003796 0.004575 
12 1 0.993080 1.000500 0.482945 
13 2 2.000100 1.997300 1.379140 
14 1 1.007700 1.003800 1.759756 
15 0 0.000649 0.012673 1.643526 
16 1 0.993070 1.015900 1.317928 
17 2 2.000100 2.023600 0.989672 
18 1 1.007700 1.048500 0.747406 
19 0 0.000583 0.088995 0.606955 
20 1 0.993050 1.148100 0.552361 
21 2 2.000100 2.259000 0.559085 
22 1 1.007500 1.488300 0.604293 
23 0 -0.000144 0.985970 0.670192 
24 1 0.988450 3.337400 0.744271 
25 2 1.879100 11.428000 0.818404 
 
Figure 2.5 : Comparison of inverse Laplace transformation methods with each other 
for the Heaviside unit step function (Çalım, 2003). 
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Table 2.5 : Comparison of inverse Laplace transformation methods with each other 
for the Heaviside unit step function (Çalım, 2003). 
 
t (s) 
EXACT MODIFIED DURBIN DURBIN MDOP 
 aT=8 ; N=256 aT=8 ; N=256 ; L=4 N=10 
0 0.0 0.000336 0.000382 - 
5 0.0 0.000336 0.000419 0.000000 
10 0.0 0.000336 0.000493 0.000020 
15 0.0 0.000335 0.000668 -0.000470 
20 0.0 0.000332 0.001257 -0.022839 
25 0.5 0.496540 0.499930 0.455588 
30 1.0 1.000400 0.998610 1.138732 
35 1.0 1.000400 0.999180 0.941509 
40 1.0 1.000400 0.999310 0.933696 
45 1.0 1.000400 0.999320 1.062022 
50 1.0 1.000400 0.999280 1.081433 
55 1.0 1.000400 0.999220 1.010917 
60 1.0 1.000400 0.999140 0.941669 
65 1.0 1.000400 0.999070 0.918229 
70 1.0 1.000400 0.999030 0.937879 
75 1.0 1.000400 0.999070 0.979397 
80 1.0 1.000400 0.999240 1.022550 
85 1.0 1.000400 0.999680 1.054965 
90 1.0 1.000400 1.000500 1.071977 
100 1.0 1.000400 1.005000 1.074121 
110 1.0 1.000400 1.018200 1.047390 
120 1.0 1.000400 1.056300 1.004453 
125 1.0 1.000400 1.098400 0.983996 
 
Figure 2.6 : Comparison of inverse Laplace transformation methods with each other 
for the increasing sinus function (Çalım, 2003). 
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Table 2.6 : Comparison of inverse Laplace transformation methods with each other 
for the increasing sinus function (Çalım, 2003). 
 
t (s) 
EXACT MODIFIED DURBIN DURBIN MDOP 
 aT=10 ; N=256 aT=10 ; N=256 ; L=4 N=10 
0 0.000000 0.000467 0.000262 - 
1 0.420735 0.421190 0.421340 0.420735 
2 0.909297 0.909180 0.909690 0.909295 
3 0.211680 0.211450 0.211470 0.211675 
4 -1.513605 -1.513400 -1.514300 -1.513613 
5 -2.397311 -2.396900 -2.397800 -2.397323 
6 -0.838246 -0.838310 -0.838110 -0.838262 
7 2.299453 2.298700 2.300100 2.299435 
8 3.957433 3.956600 3.958100 3.957393 
9 1.854533 1.854700 1.854500 1.854346 
10 -2.720106 -2.718700 -2.720800 -2.720029 
11 -5.499946 -5.498600 -5.500700 -5.494226 
12 -3.219438 -3.219600 -3.219500 -3.201118 
13 2.731086 2.729200 2.731800 2.702843 
14 6.934251 6.932200 6.935100 6.681122 
15 4.877159 4.877100 4.877400 4.559303 
16 -2.303227 -2.300900 -2.303900 -1.549311 
17 -8.171879 -8.169100 -8.172800 -5.733724 
18 -6.758885 -6.758400 -6.759300 -5.251142 
19 1.423833 1.421200 1.424400 -2.009770 
20 9.129453 9.126000 9.130500 1.164122 
21 8.784884 8.783900 8.785400 2.934329 
22 -0.097364 -0.094540 -0.097768 3.301943 
23 -9.731535 -9.727100 -9.732500 2.776147 
24 -10.866940 -10.865000 -10.868000 1.863293 
25 -1.654397 -1.657000 -1.654800 0.904465 
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3.  THEORY OF VISCOELASTICITY 
3.1 Viscoelastic Materials 
Some materials exhibit elastic action upon loading if loading is rapid enough then a 
slow and continuous increase of strain at a decreasing rate is observed. When the 
stress is removed a continuously decreasing strain follows an initial elastic recovery. 
Such materials are significantly influenced by the rate of straining or stressing, for 
example, the longer the time to reach the final value of stress or a constant rate of 
stressing, the larger is the corresponding strain. These materials are called 
viscoelastic. Among the materials showing viscoelastic behavior are plastics, wood, 
natural and synthetic fibers, concrete and metals at elevated temperatures. Since time 
is a very important factor in their behavior, they are also called time-dependent 
materials. As its name implies, viscoelasticity combines elasticity and viscosity. The 
time-dependent behavior of viscoelastic materials must be expressed by a 
constitutive equation which includes time as a variable in addition to the stress and 
strain variables. The stress and/or strain at a specific point in the material may vary 
significantly with time even though the applied forces are constant. In order to be 
able to predict the change in stress and strain distribution with time, a viscoelastic 
stress analysis method is needed. The linear theory of viscoelasticity yields a 
mathematically tractable representation for stress-strain-time relations which permits 
reasonably simple solutions for many stress analysis problems. In general there are 
two alternative forms used to represent the stress-strain-time relations of viscoelastic 
materials. They are called the differential operator method and the integral 
representation. The differential operator method has been widely used for analysis 
since the mathematical processes required are reasonably simple. On the other hand, 
the integral representation is able to describe the time dependence more generally, 
but it sometimes leads to difficult mathematics in stress analysis (Findley et al., 
1976). 
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In this study, linear viscoelastic materials are considered. For a viscoelastic material 
the total stress σ  can be decomposed into two parts as, 
 E Dσ σ σ= +  (3.1) 
where, Eσ  and Dσ  account for the elastic and dissipative stress components 
respectively. The viscoelastic material behavior is simulated using some simple 
mechanical models (Kelvin model, Maxwell model, Standard model, etc.). In these 
models, springs are used to present the contributions of elastic stresses whereas 
dashpots are used to represent the contributions of dissipative stresses. In this 
section, stress-strain time variations (behaviors) of Kelvin, Maxwell and Standard 
models are discussed through the use of creep and relaxation functions. This 
discussion will be carried out in Fourier and Laplace spaces. 
3.2 The Kelvin Model 
The spring-dashpot system for a Kelvin type of viscoelastic material is composed of 
an elastic spring and viscous dashpot which are connected in parallel (see Figure 
3.1). From the free body diagram shown in Figure 3.1, the equation of the Kelvin 
model is written as, 
 kσ ε ηε= + ɺ  (3.2) 
where k  and η  are the spring and dashpot constants respectively and ε  is the strain. 
In Eqn. (3.2), as stated before, the elastic stresses are accounted by the spring and 
dissipative stresses are accounted by the dashpot, which are equal to kε  and ηεɺ  
respectively. The above equation can be written as, 
 
d
d
k
t
σ η ε = + ⋅    (3.3) 
or 
 Kσ ε=  (3.4) 
where K  is referred as the modulus operator and given by 
 
d
d
K k
t
η = +      (3.5) 
Eqn. (3.3) or (3.4) is the equation of Kelvin model in time space. 
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Figure 3.1 : The Kelvin model and free body diagram of this model ( kσ ε ηε= + ɺ ). 
3.2.1 Equation of the Kelvin model in the Fourier space 
The Fourier transform of Eqn. (3.2) is 
 [( ) (0)]k iσ ε η ω ε ε= + −ɶ ɶɶ  (3.6) 
Here, the tilde over any variable designates that the variable under consideration is in 
Fourier transform space, ω  is the Fourier transform parameter and i  is the 
imaginary number. We note that, in Eqn. (3.6), (0)ε  must be equal to zero. If 
(0) 0ε =  then (0)ε →∞ɺ  and this makes (0)σ →∞  which is not acceptable. 
Hence, Eqn. (3.6) becomes 
 ( )k iσ ε η ω ε= +ɶ ɶɶ  (3.7) 
Eqn. (3.7) is called equation of Kelvin model in Fourier space. Figure 3.2 shows 
tε −  graph of Kelvin model. 
 
Figure 3.2 : Strain – time (ε – t) graph of the Kelvin model (as t
 
∞, etε ε→∞ = ). 
From Eqn. (3.2) it can be observed that (0) (0)σ ηε= ɺ  has a finite value (note that, 
(0) 0ε = ) and from this, it is concluded that: At 0t =
 
the whole stress (internal 
force) is taken by the dashpot, the behavior of Kelvin model at 0t =  is viscous 
( )(0) (0)Dσ σ= . On the other hand, as t∞ everything should approach its 
equilibrium (static) value (see Figure 3.2), that is 
 et
ε ε
→∞
=
 (3.8) 
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 et
σ σ
→∞
=
 (3.9) 
where,  and e eε σ  are equilibrium values of ε  and σ , respectively. Writing Eqn. 
(3.2) as t →∞ , and noting that ( )ε ∞ɺ  should be zero (see Figure 3.2) yields 
 ( ) ( )kσ ε∞ = ∞  (3.10) 
with, ( )eε ε= ∞ . The term ( ) ( )Ekε σ∞ = ∞  is the spring force at infinity which 
states that; At t =∞
 
the whole force is taken by the spring, that is, the behavior of 
Kelvin model is elastic. 
 
( ) ( )E tσ σ =∞∞ = ∞  (3.11) 
Figure 3.3 shows the time variation of the total stress (internal force) in Kelvin 
model. 
 
Figure 3.3 : σ – t graph of the Kelvin model (At t =∞ , the Kelvin model is elastic). 
Here we recall that, for a viscoelastic material the total stress is decomposed into two 
parts (see Eqn. (3.1)). The solid and dashed curves show the time variation of the 
total stress σ  and the elastic stress Eσ , respectively. Here, we also note that, 
0
0E tσ = =  and 0D tσ →∞ = . 
3.2.2 Complex operators of the Kelvin model in the Fourier space 
Rearranging equation of Kelvin model in Fourier space (Eqn.(3.7)), it is obtained 
 [ ]k iσ η ω ε= + ⋅ ɶɶ  (3.12) 
Defining a complex modulus as [ ]K k iη ω= +ɶ , Eqn. (3.12) becomes 
 Kσ ε= ɶ ɶɶ  (3.13) 
which is the equation of Kelvin model in Fourier space. Solving Eqn. (3.13) for εɶ  
gives 
27 
 
1
K
ε σ=ɶ ɶ
ɶ
 (3.14) 
Defining complex compliance as 1/C K=ɶ ɶ , Eqn. (3.14) can be written in the form, 
 Cε σ= ɶɶ ɶ  (3.15) 
where Cɶ  relates εɶ  and σɶ . From Eqn. (3.12), the complex compliance for Kelvin 
model is given by 
 
1 1C
K k iωη
= =
+
ɶ
ɶ
 (3.16) 
which can be rearranged as 
 
( )
1 1C
i aη ω
=
+
ɶ
 (3.17) 
with /a k η= . It should be noted that, 
 
1
r k a
η
τ = =  (3.18) 
with 
r
τ  being known as the retardation time which is dissipation parameter. 
Inversion of complex compliance to time space gives 
 
[ ]1 1: ( ) atC C t e
η
− −= =ɶF  (3.19) 
where, ( )C t  is the compliance function. Let us now invert Eqn. (3.15) to time space. 
For this aim convolution relation is used. Noting that, [ ]1 = (t)ε ε−F ɶ , [ ]1 ( )C C t− =F ɶ  
and [ ]1 ( )tσ σ− =F ɶ , the use of convolution relation gives 
 
1
0
( ) ( ) d
t
C C tσ α σ α α−  ⋅ = −   ∫ɶ ɶF  (3.20) 
The strain ( )tε  can be expressed as 
 
0
( ) ( ) ( )d
t
t C tε α σ α α= −∫  (3.21) 
where, ( )C t α−  is equal to ( )(1/ ) a te αη − −  for Kelvin model from Eqn. (3.19). As a 
summary, for Kelvin model we have determined the following identities: 
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 ( )d1 ; 1
dr r
K k K k i
t
τ τ ω
 = + = +  
ɶ
 (3.22) 
 
( )
1 1
;
1
at
r
C C e
k iτ ω η
−= =
+
ɶ
 (3.23) 
3.2.3 Creep function of the Kelvin model in the Fourier space 
The creep and the relaxation tests are two common procedures to understand the 
viscous behavior of materials. In creep test, a stress σ  is applied to the viscoelastic 
model to be examined. If σ  is taken as unit step function, i.e. ( )H tσ =  then the 
extension produced by this unit force is called creep function and designed by J  (see 
Figure 3.4). 
 
Figure 3.4 : The creep test and the creep function ( J  designates the creep function). 
For a solid viscoelastic material, deformation (strain) must be bounded, that is 
( ) 0eJ J∞ = >  must have a finite value. eJ  is called equilibrium value (static value) 
of J . On the other hand, (0)J Jρ =  is called the instantaneous displacement value 
of J . Plots of creep functions for the most of the solid viscoelastic materials are 
similar to Figure 3.4. 
Recalling Eqn. (3.15), that is Cε σ= ɶɶ ɶ  with Cɶ  being the complex compliance, in 
creep test we have H( )tσ =  and therefore 
 [ ] 1
i
σ σ
ω
= =ɶF
 (3.24) 
Substitution of Eqn. (3.24) into Eqn. (3.15) yields, 
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CJ
i
ε
ω
= =
ɶ
ɶɶ
 (3.25) 
which is equation of creep function in the Fourier space and it holds for every 
viscoelastic model. The inversion of Jɶ  to time space gives creep function, that is, 
1[ ] ( )J J t− =ɶF . 
Recall the complex compliance for Kelvin model, that is Eqn. (3.16) 
1/ ( )C k iωη= +ɶ . The creep function in Fourier space can be obtained as follows: 
From Eqn. (3.25) 
 
1 ( )
( ) ( )
C A B Ak i A BJ
i i k i i k i i k i
ω η
ω ω ωη ω ωη ω ωη
+ +
= = = + =
+ + +
ɶ
ɶ
 (3.26) 
where the parameters A  and B  can be determined as 
 1/ ; /A k B A kη η= =− =−  (3.27) 
Then Jɶ  can be written as, 
 
1 1 1
( )J k i k k i
η
ω ωη
= −
+
ɶ
 (3.28) 
Setting /a k= η  and using in the above equation gives, 
 
1 1 1 1
( )J k i k a iω ω= − +
ɶ
 (3.29) 
By recognizing the inverse Fourier transform of the terms, 1[1/ ] H( )i t− =ωF  and 
1[1/ ( )] ata i e− −+ =ωF , Eqn. (3.29) can be inverted to time space which gives the 
Creep function for Kelvin model, that is, 
 
1( ) [1 ]atJ t e
k
−= −
 (3.30) 
The plot of Eqn. (3.30) is given in Figure 3.5 and from Figure 3.5, it is observed that 
as 
r
τ  (Retardation time) gets larger, damping (or viscous stress) becomes more 
effective. At 0t =  it’s seen that (0) 0J J ρ= =  where J ρ  denotes instantaneous 
value of creep function and at t →∞  it’s seen that lim ( ) 1/et J t J k→∞ = =  where eJ  
equilibrium value of creep function.  
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Figure 3.5 : The plot of creep function ( )J t  for the Kelvin model (see Eqn. (3.30)). 
Note that, retardation time for creep function is the horizontal distance measured 
from 0t =  to the point of intersection of the initial slope of ( )J t
( )
0
d / d (0)
t
J t J
=
 =  
ɺ
 with the asymptote of eJ  (see Figure 3.5). It can be said that, 
retardation time describes how rapidly creep function approaches to eJ  value. The 
values of retardation time and eJ  associated with creep function of Kelvin model are 
given by 
 
1
r
a k
= =
η
τ  (3.31) 
 
1
eJ k
=  (3.32) 
Note that, since eJ  is finite, Kelvin model represents a solid. 
3.2.4 Relaxation function of the Kelvin model in the Fourier space 
In relaxation test, a strain ε  is applied to the viscoelastic model to be examined. If 
ε
 is taken as unit step function, i.e. ( )H tε =  then the force producing this unit 
strain is called relaxation function and designated by R  (see Figure 3.6).
 
(0)R Rρ=  is called the instantaneous value of relaxation function and ( ) eR R∞ =  
is called the equilibrium value of relaxation function. For a solid viscoelastic material 
eR  should also be finite and positive similar to eJ . Recalling Eqn. (3.13), that is 
Kσ ε= ɶ ɶɶ  with Kɶ  being the complex modulus, in relaxation test we have H( )tε =  
and 
 
[ ] 1
i
ε ε
ω
= =ɶF
 (3.33) 
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Figure 3.6 : The relaxation function and test, ( R  designates the relaxation function). 
Inserting Eqn. (3.33) into Eqn. (3.13), we obtain 
 
K R
i
σ
ω
= =
ɶ
ɶɶ
 (3.34) 
and the inversion of Rɶ  into time space gives ( )R t , that is [ ]1 ( )R R t− =ɶF . Note 
that, since Kσ ε= ɶ ɶɶ  and Cε σ= ɶɶ ɶ , it is observed that, 
 
1K C −= ɶɶ  (3.35) 
From the definitions of creep and relaxation functions, it can be written, 
 ( )CJ C i J
i
ω
ω
= → =
ɶ
ɶɶ ɶ
 (3.36) 
 ( )KR K i R
i
ω
ω
= → =
ɶ
ɶ ɶ ɶ
 (3.37) 
Insertion of Eqns. (3.36) and (3.37) into Eqn. (3.35), we obtain an important relation 
between Jɶ  and Rɶ , that is, 
 ( )2 1i J Rω =ɶ ɶ  (3.38) 
Rearranging the form of Eqn. (3.38) as 
 
( ) ( ) 1i J i Rω ω    =      ɶ ɶ  (3.39) 
and taking the limit of Eqn. (3.39) as ω → ∞  gives, 
  (0) (0) 1 or 1
J R
J R J R
ρ ρ
ρ ρ⋅ = ⋅ =  (3.40) 
On the other hand, taking the limit of Eqn. (3.39) as 0ω →  yields 
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 ( ) ( ) 1 or 1
e e
e e
J R
J R J R∞ ⋅ ∞ = ⋅ =  (3.41) 
It should be noted that, in obtaining Eqns. (3.40) and (3.41) limit theorems are used. 
Recall that the complex modulus for Kelvin model, that is Eqn. (3.22) K k iωη= +ɶ . 
The Relaxation function can then be obtained as, 
 
K kR
i i
η
ω ω
= = +
ɶ
ɶ
 (3.42) 
Note that, [ ]1 1/ H( )i tω− =F  and [ ]1 1 ( )tδ− =F  ( ( )tδ  is the Dirac delta function). 
One can observe that, at 0t =  the Dirac delta function becomes ∞. Therefore, 
relaxation function for Kelvin model is not defined. 
3.3 The Viscoelastic Models In The Laplace Space 
In this part, the convergence of the linear viscoelastic material equations and the 
parameters from the Fourier space to the Laplace space will be performed by simply 
letting z iω=  where z  is the Laplace parameter, 1i = −  and ω  is the Fourier 
parameter. In the following, a bar over any variable designates that this variable is 
consideration in the Laplace transform space. The properties of viscoelastic models 
in time and the Laplace space are given in Table 3.1. Please note that, in the literature 
other than the Kelvin model, there exist two other popular models, namely, the 
Maxwell and the Standard models. Just to give an idea about them the above cited 
viscoelastic models are also included to the Table 3.1. 
3.4 The Constitutive Equations 
The constitutive equation of viscoelastic behavior includes time as a variable in 
addition to stress and strain variables. Also speed of the loading and its duration 
effects the strains. In this section, elastic and viscoelastic stress-strain relations and 
viscoelastic-elastic analogy are investigated. The general linear differential one-
dimensional viscoelastic stress-strain relation can be written as follows 
 P Qσ ε=  (3.43) 
(Boley and Weiner, 1960), where P and Q are the differential operators, and they can 
be defined as follows: 
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1
1 1 01
P = a a a a
m m
m m
m mt t t
−
− −
∂ ∂ ∂+ + + +
∂ ∂ ∂
⋯
 (3.44) 
 
1
1 1 01
Q = b b b bn nn n
n nt t t
−
− −
∂ ∂ ∂+ + + +
∂ ∂ ∂
⋯
 (3.45) 
Table 3.1 : Properties of the Kelvin, Maxwell and Standard models in the Laplace 
space (Findley et al., 1976),
 
( )1 2 1 2k k k k k= + , ( )1 1 2/ k kτ η= + , 
2 2/ kτ η= . 
Models Kelvin Maxwell Standard 
equation 
( )k zσ η ε= +  
1
z
z k
σ ε
η
 =   + 
 
( )
1 1 2
1 2
k z k k
z k k
η
σ ε
η
 + =  + +  
 
Kσ ε=
 
or (1 / )K Cε σ σ= =  
complex 
modulus ( )K k zη= +  1
zK
z k η
=
+
 
( )
1 1 2
1 2
k z k kK
z k k
η
η
 + =  + +  
 
complex 
compliance 
1C
k zη
=
+
 
1 1C
k zη
= +
 
( )1 2
1 1 2
z k k
C
k z k k
η
η
 + + =  + 
 
creep 
function  
1( ) ( )J z z k zη= +  2
1 1( )J z
k z zη
= +
 
1 2 2
1 2 2
( ) k k kJ z
k k z k z
η
η
+
= −
+
 
or 
( )
1 2
2 2
1 1 1( )
1
J z
k z z
τ τ
τ τ
 −
 = +
 + 
 
( )1( ) 1 k tJ t ek
η−= −
 
1( ) tJ t
k η
= +
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2
1( ) 1 1 tJ t e
k
ττ
τ
−
   = − −      
 
relaxation 
function 
( ) kR z
z
η= +
 
( ) kR z
z k η
=
+
 ( )
2
1 1
1 1( ) 1
1
R z k
z z
τ
τ τ
   = + −      +  
 
( )( )R t k tη δ= +  ( ) ktR t k e η−=
 
1/2
1
( ) 1 1 tR t k e ττ
τ
−
   = + −      
 
3.4.1 Equlibrium equation of the elastic body 
The extension of Eqn. (3.43) to three-dimensional states of stress and strain is 
needed. The experiments involving purely hydrostatic states of stress relation shows 
that the materials behave almost in a perfectly elastic manner for all practical 
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temperature and stress levels. Therefore, it is convenient to decompose the stress and 
strain tensors ( iiσ , iiε ) into their mean portions ( oσ , oε ); 
 
1
3o ii
σ σ=
 (3.46) 
 
1
3o ii
ε ε=
 (3.47) 
and their deviatoric portions ( ,ij ijs e ); 
 ij ij ij os σ δ σ= −  (3.48) 
 ij ij ij oe ε δ ε= −  (3.49) 
where, ijδ  is the Kronecker’s delta. The relation between oσ  and oε  can be taken 
including the thermal effects. 
 
3
o
o T TK
σ
ε α ∆= +
 (3.50) 
where, Tα  is the thermal expansion coefficient, T∆  is the temperature difference 
which will not be considered in the rest of this study, and
 
K is the bulk modulus of 
the material, defined as follows, 
 
( )3 1 2
EK
υ
=
−
 (3.51) 
where E  is the elasticity modulus and υ  is Poisson’s ratio. The inelastic effects are 
thus confined to the relationship between the deviatoric components of stress and 
strain. If Eqn. (3.43) is rearranged by using the deviatoric portions it yields to the 
form P Qij ijs e=  and by means of Eqns. (3.46), (3.47), (3.48), (3.49), (3.50)  and with 
some simple mathematical  manipulations we get the equilibrium equation 
,
0ij jσ =  
of the elastic body, 
 ( ), , , ,232 + 3 3 0ij j ij j o i T iK K Tσ µ ε µ ε α ∆= − − =  (3.52) 
where the Lamé parameters are 2
3Kλ µ= −  and µ . 
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3.4.2 Equlibrium equation of the Kelvin model 
The stress-strain relation for the Kelvin model is, 
 Eσ ε ηε= + ɺ  (3.53) 
where, η  is the viscosity coefficient of the dashpot and εɺ  is the velocity of strain 
(see Figure 3.1). We can rewrite Eqn. (3.53) in terms of the deviatoric portions,  
 2 2ij ij ijs e eη µ= +ɺ  (3.54) 
(Boley and Weiner, 1960). By comparing Eqn. (3.54) with P Qij ijs e=  and following 
the similar steps carried on for the elastic material given in the above section, the 
equilibrium equation 
,
0ij jσ =  for a viscoelastic material yields to, 
 ( ), , , , ,232 2 2 3 3 0ij j ij j o i o i T iK K Tη ε µε ηε µ ε α ∆+ − + − − =ɺ ɺ  (3.55) 
3.4.3 Viscoelastic material properties of the Kelvin model in the Laplace domain 
By neglecting the thermal effects and using Eqn. (2.17) the transformed form of Eqn. 
(3.55) in the Laplace domain becomes, 
 ( ) ( ), ,2 2 23 3 3 0o i ij jK z zµ η ε µ η ε− − + + =     (3.56) 
where z  is the Laplace transformation parameter. The transformed terms in the 
Laplace domain are defined by the over bared notation (...) . Similarly, the 
transformed form of Eqn. (3.52) in the Laplace domain becomes, 
 ( ) , ,2 23 3 0o i ij jK µ ε µ ε− + =      (3.57) 
By means of the correspondence principle, which is well documented in Boley and 
Weiner (1960), the following transformed material parameters can be obtained quite 
easily. The material constants in the Laplace domain are defined by the over bared 
notation (...)  as follows, 
 
2
3
zλ λ η= −
 (3.58) 
 = zµ µ η+  (3.59) 
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Consequently, using the correspondence principle by means of Eqns. (3.58) and 
(3.59) in Eqns. (3.56) and (3.57), the Laplace transform of the viscoelastic solution 
can be obtained from the Laplace transform of the elastic solution by replacing the 
Lamé constants µ  and λ . 
Transformed Poisson’s ratio: By means of the correspondence principle, the relations 
between elastic material constants and the viscoelastic material constants can be set 
as follows: 
 
( )2
λ
υ
λ µ
=
+
 (3.60) 
In order to represent the damping, let us define it in the form
   
 
fη µ=   (3.61) 
where f  is a damping coefficient of the elastic material. Finally, the transformed 
Poisson’s ratio of the viscoelastic material yields to, 
 
( )
( )
3 1 2
3 1 2
f z
f z
υ υ
υ
υ
− −
=
+ −
 (3.62) 
Transformed Material Modulus: Beginning from the definition of the Young’s 
modulus, 
 ( )2 1E µ υ= +  (3.63) 
and using the correspondence principle, Lamé constant of the elastic material and 
Poissons ratio will be replaced with the corresponding over bared terms, namely, 
 ( )2 1E µ υ= +  (3.64) 
By means of Eqn. (3.62) and Eqn. (3.63), Eqn. (3.64) yields to, 
 
( )
( )13
1
1 1 2
E f z
E f zυ
+
=
+ −
 (3.65) 
It should be noted that, the above formulation is valid for a material that exhibits 
elastic behavior in bulk deformation and Kelvin material in distortion. 
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4.  FUNCTIONAL AND FINITE ELEMENT MODELLING 
In this section, the helix geometry, the field equations, functional and finite element 
formulation are briefly discussed for the helicoidal bars. Detailed explanation exists 
in İnan (1966), Omurtag and Aköz (1992), Aköz et al. (1991). 
 
Figure 4.1 : The different geometric types of the helicoidal rods and their geometric 
properties. 
4.1 The Helix Geometry 
The geometrical properties of the helix in Figure 4.1 are 
 ( ) cos , ( ) sin , ( ) , ( ) ( ) tanx R y R z p p Rϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ α= = = =  (4.1) 
where α  denotes the pitch angle, ( )R ϕ  and ( )p ϕ  signify the centerline radius and 
the step for unit angle of the helix as a function of the horizontal angle ϕ , 
respectively. The infinitesimal arc length ds in Frenet coordinate system, 
 
2 2d ( ) ( ) d ( )ds R p cϕ ϕ ϕ ϕ ϕ= + =
 (4.2) 
the curvature and torsion of the helix axis are given in Eqns. (4.2) and (4.3) 
 
d d d
, ,
d d ds s s
χ χ τ τt n bn t + b n= =− =−  (4.3) 
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, ,t n b  are Frenet unit vectors. The normal axis n  is radial and horizontal, tangential 
axis t  is tangential to the helix center line and the bionormal axis b  is at the right 
angles to both the normal and tangential axes. In cylindrical helix, all these variables 
are constant because of ( ) constantR R ϕ= = . 
 
2 2
2, , , tan
R p
c R p p R
c c
χ τ α= + = = =
 (4.4) 
4.2 The Field Equations of Helix 
The field equations based on Timoshenko beam theory for a helicoidal bar can be 
given as (Olgun, 2004), 
Equation of motion; 
 
d
d
A
s
ρT q u 0− − + =ɺɺ  (4.5) 
 
d
ds
ρM t T m IΩ 0− − × − + =ɺɺ  (4.6) 
Kinematic equations; 
 
d
ds
u t Ω γ 0+ × − =  (4.7) 
 
d
ds
Ω
κ 0− =  (4.8) 
Constitutive equations; 
 γγ C T 0− =  (4.9) 
 κκ C M 0− =  (4.10) 
where, t n bu u uu t n b= + + , t n bΩ Ω ΩΩ t n b= + + , t n bT T TT t n b= + +  and 
t n bM M MM t n b= + + , noting that u  is the displacement vector, Ω  is the 
rotational vector respect to the centroidal axes of the cross-section, T  and M  are 
the force and the moment vectors. Also, ρ  is the density of material, A  is area of 
the cross-section, I  is the moment of inertia. q  and m  are the distributed external 
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force and moment vectors. κC  and γC  are compliance matrices for elastic material 
and given in Eqns. (4.11) and (4.12) 
 
1 0 0
0 0
0 0
EA
k GA
k GA
γC
 
 
 ′=  
 ′ 
 (4.11) 
 
1 0 0
0 1 0
0 0 1
t
n
b
GI
EI
EI
κC
 
 
 =  
 
 
 (4.12) 
4.3 The Field Equations In The Frequency Domain 
To solve viscoelastic helix problems, the field equations which are mentioned in 
Eqns. (4.5) - (4.10) must be defined in the frequency domain. For the sake of the 
simplicity, let us write them in the Laplace space. Therefore, by using the definition 
in Eqn. (2.17), the field equations in the Laplace space are obtained as follows: 
Equation of motion; 
 
2d
d
A z
s
ρT q u 0− − + =  (4.13) 
 
2d
d
z
s
ρM t T m I Ω 0− − × − + =  (4.14) 
Kinematic equations; 
 
d
ds
u t Ω γ 0+ × − =  (4.15) 
 
d
ds
Ω
κ 0− =
 (4.16) 
Constitutive equations; 
 γγ C T 0− =  (4.17) 
 κκ C M 0− =  (4.18) 
where z  is the Laplace transformation parameter and the quantities ( , ,u M⋯ , etc.) 
which are defined by the over bared notation in the Eqns. (4.13) - (4.18) show the 
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equivalent in the Laplace domain. In order to convert them to the Fourier space, the 
only thing that should be done is, to replace z  by iω  in Eqns. (4.13) - (4.18). 
Detailed explanation exists in Eratlı et al. (2011).  
4.4 The Functional In The Frequency Domain 
The field equations which are given in Eqns. (4.13) - (4.18) can be written in 
operator form, 
 Q Ly f= −  (4.19) 
And the matrix form of the operator is given as follows:  
 
( )
( )
( )
( )
2
,
2
,
,
,
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0 0 0
s
s
s
s
o
A z
z
κ
γ
ρ
ρ
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
−
− − ×
−
× −
− −
=
− −
u
I t Ω
M
t T
κCQ
C
u
Ω
⋯
⋯
⋯
⋯
γ
ˆ
ˆ
ˆ
ˆ
o
oo
o
o
o
o
                                                                                                                   
−
q
m
0
0
T
M
M Ω
T
u
0
0


 (4.20) 
If the operator is potential, the equality 
 ( ) ( )* *d , , d , ,Q y y y Q y y y=  (4.21) 
must be satisfied (Oden and Reddy, 1976). d ,Q (y y)  and *d ( , )Q y y  are Gâteaux 
derivatives of the operator in directions of y  and *y . Gâteaux derivative of the 
operator is defined as, 
 
0
d , +=
τ
τ
τ
Q (u u)Q (u u)
=
∂
∂
 (4.22) 
where, τ is a scalar. Using this definition, after some simple manipulations it can be 
shown that the Eqn. (4.21) holds and the operator Q is a potential operator. Since the 
operator is potential then the functional corresponding to the field equations are 
obtained as, 
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 ( ) ( )
1
0
, , ds sI y Q y f y=∫  (4.23) 
where, s  is a scalar. Functional ( )I y  can be obtained after some manipulations as 
follows: 
 ( ) 1 12 2
d d
, , , [ , ] [ , ]
d ds s κ γ
   
    =− + × − − −       
T MI y u t Ω T Ω C M M C T T
  
 [ ] [ ] [ ]2 21 12 2, , , ,Az zρ ρ  + + − − u u Ω Ω q u m ΩΙ   
 
ˆˆ ˆ
ˆ( , ( ,
εσ σ ε
      + − + − + +            
T T) u M M) Ω u,T Ω,M
 (4.24) 
The terms with hats in the Eqn. (4.24) are known values on the boundary the 
subscripts, ε  and σ  represent the geometric and dynamic boundary conditions, 
respectively. In order to convert Eqn. (4.24) to the Fourier space, the only thing that 
should be done is, to replace z  by iω . Rotary inertia and shear influence terms are 
considered in the functional form. 
4.5 Finite Element Formulation 
Linear shape functions ( ) /i jφ θ θ θ∆= −  and ( ) /j iφ θ θ θ∆= −  are used in finite 
element formulation are based on Omurtag and Aköz (1992). The subscripts 
represent node numbers of the bar element, j iθ θ〉  and ( )j iθ θ θ∆ = − . This element 
has two nodes with 2×12 degrees of freedom (see Figure 4.2). Interpolation of the 
non-cylindrical geometry of a helix form a cylindrical geometry is obtained using the 
following formulation: 
 
, ( ) , ,e e e ei i j j i i j j i i j j i i j jc c c s c cφ φ φ φ θ χ χ φ χ φ τ τ φ τ φ∆= + = + = + = +  (4.25) 
where, ,i jc c  are nodal values of c
 
(defined by Eqn. (4.4)), es c θ∆=  is the helix arc 
length for finite element, ,i jχ χ  are nodal curvatures and ,i jτ τ  are nodal torsions at 
,i j  nodes, respectively. The superscript “e” denotes the element number. These 
nodal variables in the Eqn. (4.25) are calculated by using iR  and jR , which are the 
radii of helix at ,i j  nodes at the Eqn. (4.4). Explicit form of the mixed finite element 
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matrices with together the sub-matrices, which indicate the variation of helix 
geometry ( , , )c χ τ  exists in Omurtag and Aköz (1992). The total variable vector for 
the element matrix per node in the time domain is given as follows. 
 { , , , , , , , , , , , }T t n b t n b t n b t n bu u u T T T M M MΩ Ω ΩX =  (4.26) 
Detailed explanations exists in Omurtag (1990). 
 
 
Figure 4.2 : A curved finite element (has two nodes with 2×12 degrees of freedom). 
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5.  NUMERICAL EXAMPLES 
5.1 Numerical Convergence Analysis of The Modified Durbin’s Inverse Laplace 
Transformation Algorithm 
During the numerical modified Durbin’s inverse Laplace transformation an aT 
parameter (see Eqn. (2.28) – Eqn. (2.34)) which controls the flow of the numerical 
precision is used. 
Another parameter which controls the precision is 2N that is used for determining the 
necessary calculation points in time interval of the analysis. For this purpose some 
known the Laplace transformed functions inverted to time space numerically for 
given various values below of aT and 2N and these results are compared by the exact 
results in order to attain a final decision for the rest of this thesis. Convergence 
calculations have been done for loading types of step type, rectangular impulse, 
triangle impulse, right triangle impulse, sinusoidal impulse, periodical rectangular, 
Heaviside unit step and increasing sinus, results are tabulated with necessary 
graphics by calculating values of 92  points in time interval. These results are verified 
for 0-50 seconds, 0-100 seconds, etc. but it is not given in this thesis. 
5.1.1 Example 1.1 : step type function 
 
Figure 5.1 : Inverse transforms of step type function for the parameter aT = 6, 8, 10. 
The solutions are performed for the parameters aT = 6, 8 and 10 in the time interval 
0 25t≤ ≤ seconds (see Figure 5.1) and the concluding remarks of the Figure 5.1 are 
given in Table 5.1, where T is investigation interval. Letting FET  
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 FET Tβ=  (5.1) 
as the finite element analysis interval and using the definition (5.1) where β  is used 
for determining necessary finite element analyze time in order to obtain the required 
precision and numerically it is greater than 1. 
Table 5.1 : Convergence of inverse transforms for step type function (see Figure 5.2). 
 Time interval  Error % β  
aT = 6 
0 0.01 FEt T≤ ≤    erroneous  1.2≥  
0.01 FET t T≤ ≤   ≈0.25  
aT = 8 
0 0.006 FEt T≤ ≤   erroneous 
1.25≥  0.006 0.024FE FET t T≤ ≤
 
0.04≈
 
0.024 FET t T≤ ≤
 
≈0.03
 
 aT = 10 
0 0.01 FEt T≤ ≤
 
erroneous 
2.25≥  
0.01 FET t T≤ ≤  ≈0.01 
The solutions of the inverse transformed functions for aT = 6, 8, 10 in the time 
interval ( )0 FEt T T≤ ≤ = β  are given in Figure 5.3. It’s observed that stable solutions 
are obtained for 1.2,1.25, 2.25=β  in the case of aT = 6, 8 and 10, respectively. 
  
Figure 5.2 : Convergence in time interval 0 2t≤ ≤
 
seconds of Figure 5.1 for step 
type function. 
 
Figure 5.3 : Inverse functions in the time interval 0 FEt T Tβ≤ ≤ =  for step type 
function. 
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5.1.2 Example 1.2 : rectangular impulse 
 
Figure 5.4 : Duration of the analysis for rectangular impulse function where
 
( 1)β > .  
Analysis can be carried till to the time T either before the loading is ended or can be 
extended after the loading is ended (see Figure 5.4). 
For the case loadT T≤ : 
The corresponding solutions are performed for the parameters aT = 6, 8, 10 in the 
time interval 0 25t≤ ≤ seconds (see Figure 5.5). 
 
Figure 5.5 : Inverse transforms of rectangular impulse function for aT = 6, 8 and 10. 
Load is applied in the time interval 0 25loadt T≤ ≤ =  seconds (see Figure 5.4a). The 
concluding remarks of the Figure 5.5 where loadT T=  are given in Table 5.2. 
Table 5.2 : Inverse transforms’ convergence for rectangular impulse (see Figure 5.6). 
 
Time Interval Error % β  
aT = 6 
0 0.002 FEt T≤ ≤  50≤  
1.04≥  0.002 0.01FE FET t T≤ ≤
 
0.5≤  
0.01 FET t T≤ ≤
 
0.0 
aT = 8 
0 0.002 FEt T≤ ≤  50≤  
1.04≥  0.002 0.012FE FET t T≤ ≤
 
0.5≤  
0.012 FET t T≤ ≤
 
0.0 
  aT = 10 
0 0.002 FEt T≤ ≤  50≤  
1.04≥  0.002 0.012FE FET t T≤ ≤
 
0.5≤  
0.012 FET t T≤ ≤
 
0.0 
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Figure 5.6 : Inverse functions of rectangular impulse in the time interval 0 FEt T≤ ≤  
for 1.04=β .  
For the case loadT T> : 
The corresponding solutions of rectangular impulse are performed for the parameters 
aT = 6, 8, 10 in the time interval 0 30t≤ ≤  seconds (see Figure 5.7). 
 
Figure 5.7 : Inverse transforms of rectangular impulse in the interval 0 30t T≤ ≤ = . 
The concluding remarks of the Figure 5.7 are given in Table 5.3. 
Table 5.3 : Convergence of inverse transforms of rectangular impulse function when 
( )FET T= β  is applied, (see Figure 5.8). 
 
Time Interval Error % β  
aT = 6 
0 0.002 FEt T≤ ≤  50≤  
1.1≥  0.004load load FET t T T≤ ≤ +
 
15≤
 
0.004load FET T t T+ ≤ ≤
 
0.5≤
 
aT = 8 
0 0.002 FEt T≤ ≤  50≤  
1.15≥  0.004load load FET t T T≤ ≤ +
 
15≤
 
0.004load FET T t T+ ≤ ≤
 
0.5≤
 
  aT = 10 
0 0.002 FEt T≤ ≤  50≤  
1.25≥  0.004load load FET t T T≤ ≤ +
 
15≤
 
0.004load FET T t T+ ≤ ≤
 
0.5≤
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Figure 5.8 : Convergence of function in given time intervals for rectangular impulse. 
It’s seen discontinuous and instable part of the function in Figure 5.9. 
    
Figure 5.9 : Convergence of function in given time intervals for rectangular impulse. 
The solutions of the inverse transformed functions for aT = 6, 8, 10 in the time 
interval ( )0 FEt T T≤ ≤ = β  are given in Figure 5.10. It’s observed that stable 
solutions are obtained for 1.1,1.15,1.25=β  in the case of aT = 6, 8, 10, respectively. 
 
Figure 5.10 : Inverse transforms for the coeffecient 1.1, 1.15, 1.25,β =  respectively. 
5.1.3 Example 1.3 : triangle impulse 
 
Figure 5.11 : Duration of the analysis of the triangle impulse function where ( 1)β > .  
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Analysis can be carried till to the time T either before the loading is ended or can be 
extended after the loading is ended (see Figure 5.11). 
For the case loadT T≤  (see Figure 5.11a): 
The solutions are performed for the parameters aT = 6, 8, 10 in the time interval 
0 25t≤ ≤  seconds (see Figure 5.12) and the concluding remarks of the Figure 5.12 
where loadT T=  are given in Table 5.4. β  isn’t used in the first case ( loadT T≤ ) of 
impulsive types otherwise functions become similar to the second case of them 
which is shown as in Figure 5.6. 
 
Figure 5.12 : Inverse transforms of triangle impulse for the parameter aT = 6, 8, 10. 
 
Figure 5.13 : Convergence of triangle impulse transforms in the given time intervals. 
Table 5.4 : Convergence of inverse transforms of triangle impulse (see Figure 5.13). 
 Time Interval Error % 
6aT =  
0 0.002t T≤ ≤  0.05≈  
0.002 0.496T t T≤ ≤  0.0 
0.496 0.504T t T≤ ≤  0.09≈  
0.504T t≤  0.0 
8aT =  
0 0.002t T≤ ≤  0.05≈  
0.002 0.496T t T≤ ≤  0.0 
0.496 0.504T t T≤ ≤  0.09≈  
0.504 0.984T t T≤ ≤  0.0 
0.984T t≤  erroneous 
10aT =  
0 0.002t T≤ ≤  0.05≈  
0.002 0.496T t T≤ ≤  0.0 
0.496 0.504T t T≤ ≤  0.09≈  
0.504 0.972T t T≤ ≤  0.0 
0.972T t≤  erroneous 
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For the case loadT T> : 
The corresponding solutions are performed for the parameters aT = 6, 8, 10 in the 
time interval 0 30t≤ ≤ seconds (see Figure 5.14). 
 
Figure 5.14 : Inverse transforms in the interval 0 30t T≤ ≤ = s for triangle impulse.  
The concluding remarks of the Figure 5.14 are given in Table 5.5. 
Table 5.5 : Convergence of inverse transforms of triangle impulse when ( )FET T= β  
is applied, (see Figure 5.15). 
 
Time Interval Error % β  
aT = 6 
0 0.002 FEt T≤ ≤  0.05≈  1.1≥  
0.002 FET t T≤ ≤
 
0.0 
aT = 8 
0 0.002 FEt T≤ ≤  0.05≈  1.1≥  
0.002 FET t T≤ ≤
 
0.0 
  aT = 10 
0 0.002 FEt T≤ ≤  0.05≈  1.15≥  
0.002 FET t T≤ ≤
 
0.0 
It’s seen that the solutions of inverse transforms and exact solutions are quite close to 
each other (see Figure 5.15). Instable part of the function after loading is seen in 
Figure 5.16. 
    
Figure 5.15 : Convergence of triangle impulse transforms in the given time intervals. 
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Figure 5.16 : Convergence of inverse transforms of triangle impulse function in the 
given time intervals. 
 
Figure 5.17 : Inverse transforms for the coeffecients 1.1, 1.1, 1.15,β =  respectively. 
The solutions of the inverse transformed functions for aT = 6, 8, 10 in time interval 
( )0 FEt T T≤ ≤ = β  are given in Figure 5.17. It’s observed that stable solutions are 
obtained for 1.1,1.1,1.15=β  in case of aT = 6, 8, 10 respectively. 
5.1.4 Example 1.4 : right triangle impulse 
Analysis can be carried till to the time T either before the loading is ended or can be 
extended after the loading is ended (see Figure 5.18). 
For the case loadT T≤  (see Figure 5.18a): 
The solutions are performed for the parameters aT = 6, 8, 10 in the time interval 
0 25t≤ ≤ seconds (see Figure 5.19). 
 
Figure 5.18 : Types of the duration of the analysis for right triangle impulse ( 1)β > .  
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Figure 5.19 : Inverse transforms of right triangle impulse function for aT = 6, 8, 10. 
    
Figure 5.20 : Convergence of right triangle impulse function in given time intervals. 
The concluding remarks of the Figure 5.19 where loadT T=  are given in Table 5.6. 
Table 5.6 : Convergence of inverse transforms for right triangle impulse, (see Figure 
5.20). 
 Time Interval Error % 
6aT =  
0 0.002t T≤ ≤  50≤  
0.002 0.97T t T≤ ≤  0.0 
0.97T t≤  erroneous 
8aT =  
0 0.002t T≤ ≤  50≤  
0.002 0.95T t T≤ ≤  0.0 
0.95T t≤  erroneous 
10aT =  
0 0.002t T≤ ≤  50≤  
0.002 0.92T t T≤ ≤  0.0 
0.92T t≤  erroneous 
For the case loadT T> : 
The corresponding solutions are performed for the parameters aT = 6, 8, 10 in the 
time interval 0 30t≤ ≤ seconds (see Figure 5.21). 
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Figure 5.21 : Inverse transforms of right triangle impulse in the interval 0 30t≤ ≤ s. 
 
Figure 5.22 : Convergence of right triangle impulse function in given time intervals. 
The concluding remarks of the Figure 5.21 are given in Table 5.7. 
Table 5.7 : Convergence of inverse transforms when ( )FET T= β  is applied for right 
triangle impulse function, (see Figure 5.22). 
 
Time Interval Error % β  
aT = 6 
0 0.002 FEt T≤ ≤  50≤  1.1≥  
0.002 FET t T≤ ≤
 
0.0 
aT = 8 
0 0.002 FEt T≤ ≤  50≤  1.15≥  
0.002 FET t T≤ ≤
 
0.0 
  aT = 10 
0 0.002 FEt T≤ ≤  50≤  1.25≥  
0.002 FET t T≤ ≤
 
0.0 
The solutions of the inverse transformed functions for 6, 8, 10aT =
 
in the time 
interval 0 FEt T≤ ≤   are given in Figure 5.23 where 1.1, 1.15, 1.25,β =  respectively. 
 
Figure 5.23 : Inverse transform of right triangle impulse function in the time interval 
0 ( )FEt T T≤ ≤ =β  (see Table 5.7). 
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5.1.5 Example 1.5 : sinuoidal impulse 
 
Figure 5.24 : Types of the duration of the analysis for the sinusoidal impulse ( 1)β > . 
Analysis can be carried till to the time T either before the loading is ended or can be 
extended after the loading is ended (see Figure 5.24). 
For the case loadT T≤  (see Figure 5.24a): 
The solutions are performed for the parameters aT = 6, 8, 10 in the time interval 
0 25t≤ ≤ seconds (see Figure 5.25) and the concluding remarks of the Figure 5.25 
where loadT T=  are given in Table 5.8. 
 
Figure 5.25 : Inverse transforms of sinusoidal impulse function in the time interval 
0 25t≤ ≤ s. 
 
Figure 5.26 : Convergence of the inverse transforms of sinusoidal impulse function 
in the given time intervals for the parameter aT = 6, 8 and 10. 
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Table 5.8 : Convergence of the inverse transforms of sinusoidal impulse due to the 
parameter aT = 6, 8 and 10, (see Figure 5.26). 
 Time Interval Error % 
6aT =  0 0.002t T≤ ≤  0.08≈  0.002T t≤  0.0 
8aT =
 
0 0.002t T≤ ≤  0.08≈  
0.002 0.96T t T≤ ≤  0.0 
0.96T t≤  erroneous 
10aT =  
0 0.002t T≤ ≤  0.08≈  
0.002 0.94T t T≤ ≤  0.0 
0.94T t≤  erroneous 
For the case loadT T> :  
The corresponding solutions are performed for the parameters aT = 6, 8, 10 in the 
time interval 0 30t≤ ≤ seconds in Figure 5.27 and the concluding remarks of this 
are given in Table 5.9. 
 
Figure 5.27 : Inverse transforms of sinusoidal impulse function in the time interval 
0 30t T≤ ≤ = seconds.  
Table 5.9 : Convergence of inverse transforms of sinusoidal impulse function when 
( )FET T=β  is applied, (see Figure 5.28). 
 
Time Interval Error % β  
aT = 6 
0 0.002 FEt T≤ ≤  0.09≈  1.05≥  
0.002 FET t T≤ ≤
 
0.0 
aT = 8 
0 0.002 FEt T≤ ≤  0.09≈  1.1≥  
0.002 FET t T≤ ≤
 
0.0 
  aT = 10 
0 0.002 FEt T≤ ≤  0.09≈  1.2≥  
0.002 FET t T≤ ≤
 
0.0 
It’s observed that the solutions are with good precision (see Figure 5.28a, b, c). 
Instable part of the function after loading is seen in Figure 5.28d. 
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Figure 5.28 : Convergence for sinusoidal impulse transforms in given time intervals. 
The solutions of the inverse transformed functions for 6, 8, 10aT =  in the time 
interval 0 FEt T≤ ≤  are given in Figure 5.29 where 1.05,1.1,1.2=β  respectively. 
 
Figure 5.29 : Inverse functions of sinusoidal impulse in the time interval 0 FEt T≤ ≤ .  
5.1.6 Example 1.6 : periodical rectangular 
The solutions are performed for the parameters aT = 6, 8, 10 in the time interval 
0 25t≤ ≤ seconds (see Figure 5.30). 
 
Figure 5.30 : Inverse transforms in the interval 0 25t≤ ≤  for periodical rectangular. 
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Table 5.10 : Convergence of inverse transforms for periodical rectangular function, 
(see Figure 5.31). 
 
Time Interval Error % β  
aT = 6 
0 0.002 FEt T≤ ≤  50≤  
1.25≥  At discontinuous parts
 
2≤
 
0.002 FET t T≤ ≤  ≈0.6 
aT = 8 
0 0.002 FEt T≤ ≤  50≤  
1.25≥  At discontinuous parts
 
2≤
 
0.002 FET t T≤ ≤  ≈0.07 
  aT = 10 
0 0.002 FEt T≤ ≤  50≤  
1.25≥  At discontinuous parts
 
2≤
 
0.002 FET t T≤ ≤  ≈0.02 
The concluding remarks of the Figure 5.30 are given in Table 5.10. Instable part of 
the inverse transform functions are given in Figure 5.31. The solutions of the inverse 
transformed functions for 6, 8, 10aT =  in time interval 0 FEt T≤ ≤  are given in 
Figure 5.32. It’s observed that the solutions are with good precision in the time 
interval 0 t T≤ ≤ . 
    
Figure 5.31 : Convergence of the periodical rectangular in the given time intervals. 
 
Figure 5.32 : Inverse functions for aT = 6, 8, 10 in the interval 0 FEt T≤ ≤
 
in the 
case of 1.25=β . 
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5.1.7 Example 1.7 : Heaviside unit step function 
 
Figure 5.33 : Inverse transforms of Heaviside unit step function for aT = 6, 8 and 10. 
The solutions are performed for the parameters aT = 6, 8, 10 in the time interval 
0 30t≤ ≤ seconds (see Figure 5.33) and the concluding remarks of the Figure 5.33 
are given in Table 5.11. 
Table 5.11 : Convergence of the inverse transforms for Heaviside unit step function, 
(see Figure 5.34). 
 Time Interval Error % 
6aT =  
0 0.1load FEt T T≤ ≤ −  ≈0.25 
0.1load FE loadT T t T− ≤ ≤  0.5≤  
0.034load load FET t T T≤ ≤ +  0.7≤  
0.034load FET T t T+ ≤ ≤  ≈0.25 
8aT =  
0 0.067load FEt T T≤ ≤ −  ≈0.033 
0.067load FE loadT T t T− ≤ ≤  0.5≤  
0.017load load FET t T T≤ ≤ +  0.44  
0.017load FET T t T+ ≤ ≤  ≈0.033 
10aT =  
0 loadt T≤ ≤  0.005≈  
0.05load FE loadT T t T− ≤ ≤  0.5≤  
loadT t T≤ ≤  0.01≈  
    
Figure 5.34 : Convergence of inverse transforms for Heaviside unit step function in 
the given time intervals. 
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5.1.8 Example 1.8 : increasing sinus 
 
Figure 5.35 : Inverse transforms of the increasing sinus function for the parameter 
aT = 6, 8 and 10. 
The solutions are performed for the parameters aT = 6, 8, 10 in the time interval 
0 25t≤ ≤ seconds (see Figure 5.35). It’s observed that the solutions are with good 
precision and for 6aT = . For parameters aT = 6, 8 and 10, 0.4≤  Error % 6≤  (see 
Figure 5.36). 
 
Figure 5.36 : Convergence of inverse transforms for the increasing sinus function in 
the given time intervals. 
As final conclusion about the parameters of the Durbin’s modified inverse Laplace 
transformation the following remarks can be given; 
• It is advisable to use aT = 6 from the interval 5 10aT< <  because of the 
advantage in the precision and small β  values which is used for determining 
necessary finite element analyze time in order to obtain the required precision. 
• The results are gotten by using 29 points that gives enough precision in the time 
interval. When 211 or 213 points are used, erroneous intervals become smaller but 
this causes calculation time longer. 
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5.2 Investigation of The Transformation Parameters on a Cylindrical Helicoidal 
Rod 
In this section, the problems of cantilever cylindrical viscoelastic helicoidal rod with 
a square cross-section are solved (see Figure 5.37). The viscoelastic material 
properties are calculated using the Eqns. (3.65) and (3.62) where the modulus of 
elasticity is 11 22.06 10 N / mE = × , Poisson’s ratio is 0.3υ =  and the damping ratio 
is 0.02f = . The material density is 37850 kg/mρ = . The radius of helix is 
200 cm1R = , height is 300 cmH = , area of cross-section is 212 12 cmA= × , the 
number of active turns is 0.5n= . Helix problems are investigated for different 
values of the parameter aT, 2N and for loading types given below. In Section 5.3, a 
mesh convergence analysis is performed for 20, 40 and 60 finite elements and it’s 
observed that the results of 40 and 60 elements are nearly at asymptotic manner 
when they are compared by Temel et al. (2004). As a consequence the results of this 
section are performed using 40 elements.  
 
Figure 5.37 : Geometric definitions of the cantilever cylindrical viscoelastic 
helicoidal rod problem. 
5.2.1 Example 2.1 : step type loading 
5.2.1.1 Investigation of the parameter aT  
*
zu  displacements at the tip of the helicoidal rod (see Figure 5.38) and *yM  moments at 
clamped end (see Figure 5.39) are obtained for the parameters 6,8 and 10aT = , 
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6
=10 NP  at point B, 0 5 secondsloadT≤ ≤  and 9N =  in the time interval 0 5t≤ ≤  
seconds. The concluding remarks of the results of quasi-static case are given in Table 
5.12, in which one can find the time intervals of the erroneous results and out of 
these intervals the results are quite satisfactory. Through the investigation of the 
parameters of the helix problem, convergence calculations and some of the 
benchmark examples non-dimensionalization has been done as follows: 
 
2
* * *; ;
n n
u c c
u T T M M
c EI EI
= = =
 (5.2) 
       
Figure 5.38 : *zu  displacements at free end of the rod for the parameter aT. Loading 
is step type and it is applied in the time interval 0 5t≤ ≤  seconds. 
     
Figure 5.39 : *yM  moments at clamped end of the rod for the parameter aT. Loading 
is step type and it is applied in the time interval 0 5t≤ ≤  seconds. 
5.2.1.2 Investigation of the parameter 2N  
*
zu  displacements at the tip of the helicoidal rod (see Figure 5.40) and *yM  moments at 
clamped end (see Figure 5.41) are obtained for the parameters 9 and 11N = , 
6
=10 NP  at point B, 0 3 secondsloadT≤ ≤  and 6aT =  in the time interval 
0 3t≤ ≤  seconds. The concluding remarks of the results of quasi-static case are 
given in Table 5.12 in which one can find the time intervals of the erroneous results 
and out of these intervals the results are quite satisfactory. 
61 
    
Figure 5.40 : *zu  displacements at free end of the rod for the parameter 2
N
. Loading is 
step type and it is applied in the time interval 0 3t≤ ≤  seconds. 
    
Figure 5.41 : *yM  moments at clamped end of the rod for the parameter 2
N
. Loading 
is step type and it is applied in the time interval 0 3t≤ ≤  seconds. 
Table 5.12 : The time intervals for the erroneous results of helicoidal rod problem 
for the step type loading. 
Calc. 
points 
Calculation 
interval (s) aT 
*
zu  
*
yM  
Interval (s) Diff. Erroneous intervals (s) 
29 
0 5t≤ ≤  
6 
0 0.19t≤ ≤  erroneous 0 0.05t≤ ≤  
4.78 5t≤ ≤  4.5% 4.59 5t≤ ≤  
0 3t≤ ≤  0 0.19t≤ ≤  
erroneous 0 0.03t≤ ≤  
2.89 3t≤ ≤  2% 2.57 3t≤ ≤  
211 0 3t≤ ≤  0 0.19t≤ ≤  
erroneous 0 0.006t≤ ≤  
2.98 3t≤ ≤  5.7% 2.42 3t≤ ≤  
29 
0 5t≤ ≤  
8 
0 0.19t≤ ≤  erroneous 0 0.05t≤ ≤  
4.58 5t≤ ≤  32% 3.42 5t≤ ≤  
0 3t≤ ≤  0 0.19t≤ ≤  
erroneous 0 0.03t≤ ≤  
2.77 3t≤ ≤  15% 1.86 3t≤ ≤  
211 0 3t≤ ≤  0 0.19t≤ ≤  
erroneous 0 0.008t≤ ≤  
2.44 3t≤ ≤  42% 1.96 3t≤ ≤  
29 
0 5t≤ ≤  
10 
0 0.19t≤ ≤  erroneous 0 0.05t≤ ≤  
4.24 5t≤ ≤  240% 2.79 5t≤ ≤  
0 3t≤ ≤  0 0.19t≤ ≤  
erroneous 0 0.03t≤ ≤  
2.63 3t≤ ≤  100% 1.68 3t≤ ≤  
211 0 3t≤ ≤  0 0.19t≤ ≤  
erroneous 0 0.008t≤ ≤  
1.99 3t≤ ≤  288% 1.71 3t≤ ≤  
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5.2.1.3 Comparison of the solutions 
The solutions of the given problem for the step type loading, 0 3t≤ ≤  seconds, 29 
calculation points, 6=10 NP  and , 0 3 secondsloadT≤ ≤  are compared with Temel et 
al. (2004) in Section 5.3 with details.  
5.2.2 Example 2.2 : rectangular impulse 
5.2.2.1 Investigation of the parameter aT  
*
zu  displacements at the tip of the helicoidal rod (see Figure 5.42) and *yM  moments 
at clamped end (see Figure 5.43) are obtained for the parameters 6,8 and 10aT = , 
6
=10 NP  at point B, 0 1 secondsloadT≤ ≤  and 9N =  in the time interval 0 5t≤ ≤  
seconds. The concluding remarks of the results of quasi-static case are given in Table 
5.13 in which one can find the time intervals of the erroneous results and out of these 
intervals the results are quite satisfactory. 
       
Figure 5.42 : *zu  displacements at free end of the rod for the parameter aT. Loading is 
rectangular impulse in the interval 0 5t≤ ≤ s. 
     
Figure 5.43 : *yM  moments at clamped end of the rod for the parameter aT. Loading 
is rectangular impulse in the interval 0 5t≤ ≤ s. 
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5.2.2.2 Investigation of the parameter 2N  
*
zu  displacements at the tip of the helicoidal rod (see Figure 5.44) and *yM  moments 
at clamped end (see Figure 5.45) are obtained for the parameters 9 and 11N = , 
6
=10 NP  at point B, 0 1 secondsloadT≤ ≤  and 6aT =  in the time interval 0 3t≤ ≤  
seconds. The concluding remarks of the results of quasi-static case are given in Table 
5.13 in which one can find the time intervals of the erroneous results and out of these 
intervals the results are quite satisfactory. 
    
Figure 5.44 : *zu  displacements at free end of the rod for the parameter 2
N
. Loading is 
rectangular impulse in the interval 0 3t≤ ≤ s. 
    
Figure 5.45 : *yM  moments at clamped end of the rod for the parameter 2
N
. Loading 
is rectangular impulse in the interval 0 3t≤ ≤ s. 
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Table 5.13 : The time intervals for the erroneous results of helicoidal rod problem 
for the rectangular impulse loading. 
Calc. 
points 
Calculation 
interval (s) aT 
*
zu  
*
yM  
Erroneous intervals (s) Erroneous intervals (s) 
29 
0 5t≤ ≤  
6 
0 0.19t≤ ≤  0 0.05t≤ ≤  
4.75 5t≤ ≤  4.65 5t≤ ≤  
0 3t≤ ≤  0 0.19t≤ ≤  0 0.03t≤ ≤  2.88 3t≤ ≤  2.81 3t≤ ≤  
211 0 3t≤ ≤  0 0.19t≤ ≤  0 0.008t≤ ≤  2.98 3t≤ ≤  2.43 3t≤ ≤  
29 
0 5t≤ ≤  
8 
0 0.19t≤ ≤  0 0.05t≤ ≤  
4.57 5t≤ ≤  4.07 5t≤ ≤  
0 3t≤ ≤  0 0.19t≤ ≤  0 0.03t≤ ≤  2.75 3t≤ ≤  2.70 3t≤ ≤  
211 0 3t≤ ≤  0 0.19t≤ ≤  0 0.008t≤ ≤  2.45 3t≤ ≤  1.99 3t≤ ≤  
29 
0 5t≤ ≤  
10 
0 0.19t≤ ≤  0 0.06t≤ ≤  
2.16 5t≤ ≤  3.00 5t≤ ≤  
0 3t≤ ≤  0 0.19t≤ ≤  0 0.04t≤ ≤  2.52 3t≤ ≤  1.85 3t≤ ≤  
211 0 3t≤ ≤  0 0.19t≤ ≤  0 0.01t≤ ≤  2.06 3t≤ ≤  1.80 3t≤ ≤  
5.2.3 Example 2.3 : triangle impulse 
5.2.3.1 Investigation of the parameter aT  
*
zu  displacements (see Figure 5.46) and *yM  moments (see Figure 5.47) are obtained 
for the parameters 6,8 and 10aT = , 6=10 NP  at point B, 0 1 secondsloadT≤ ≤  and 
9N =  in the time interval 0 5t≤ ≤ seconds. The concluding remarks of the results 
of quasi-static case are given in Table 5.14 in which one can find the time intervals 
of the erroneous results and out of these intervals the results are quite satisfactory. 
       
Figure 5.46 : *zu  displacements at free end for triangle impulse in 0 5t≤ ≤ seconds. 
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Figure 5.47 : *yM  moments at clamped end for the parameter aT. Loading is triangle 
impulse and it is applied in the time interval 0 5t≤ ≤ s. 
5.2.3.2 Investigation of the parameter 2N  
*
zu  displacements at the tip of the helicoidal rod (see Figure 5.48) and *yM  moments 
at clamped end (see Figure 5.49) are obtained for the parameters 9 and 11N = , 
6
=10 NP  at point B, 0 1 secondsloadT≤ ≤  and 6aT =  in the time interval 0 3t≤ ≤  
seconds. The concluding remarks of the results of quasi-static case are given in Table 
5.14 in which one can find the time intervals of the erroneous results and out of these 
intervals the results are quite satisfactory. 
    
Figure 5.48 : *zu  displacements at free end of the rod for the parameter 2
N
. Loading is 
triangle impulse and it’s applied in the time interval 0 3t≤ ≤ s. 
    
Figure 5.49 : *yM  moments at clamped end of the rod for the parameter 2
N
. Loading 
is triangle impulse and it’s applied in the time interval 0 3t≤ ≤ s. 
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Table 5.14 : The time intervals for the erroneous results of helicoidal rod problem 
for the triangle impulse loading. 
Calc. 
points 
Calculation 
interval (s) aT 
*
zu  
*
yM  
Erroneous Intervals (s) Erroneous Intervals (s) 
29 
0 5t≤ ≤  
6 
4.99 5t≤ ≤  4.88 5t≤ ≤  
0 3t≤ ≤  2.99 3t≤ ≤  2.93 3t≤ ≤  
211 0 3t≤ ≤  2.99 3t≤ ≤  2.59 3t≤ ≤  
29 0 5t≤ ≤  8 
4.96 5t≤ ≤  4.22 5t≤ ≤  
0 3t≤ ≤  2.98 3t≤ ≤  2.80 3t≤ ≤  
211 0 3t≤ ≤  2.61 3t≤ ≤  2.45 3t≤ ≤  
29 0 5t≤ ≤  10 
4.73 5t≤ ≤  2.90 5t≤ ≤  
0 3t≤ ≤  2.97 3t≤ ≤  1.81 3t≤ ≤  
211 0 3t≤ ≤  2.51 3t≤ ≤  2.07 3t≤ ≤  
5.2.4 Example 2.4 : right triangle impulse 
5.2.4.1 Investigation of the parameter aT  
*
zu  displacements (see Figure 5.50) and *yM  moments (see Figure 5.51) are obtained 
for the parameters 6,8 and 10aT = , 6=10 NP  at point B, 0 1 secondsloadT≤ ≤  and 
9N =  in the time interval 0 5t≤ ≤  seconds. The concluding remarks of the results 
of quasi-static case are given in Table 5.15 in which one can find the time intervals 
of the erroneous results and out of these intervals the results are quite satisfactory. 
        
Figure 5.50 : *zu  displacements at free end for right triangle impulse in 0 5t≤ ≤
 
s. 
       
Figure 5.51 : *yM  moments at clamped end for right triangle impulse in 0 5t≤ ≤  s. 
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5.2.4.2 Investigation of the parameter 2N  
*
zu  displacements at the tip of the helicoidal rod (see Figure 5.52) and *yM  moments at 
clamped end (see Figure 5.53) are obtained for the parameters 9 and 11N = , 
6
=10 NP  at point B, 0 1 secondsloadT≤ ≤  and 6aT =  in the time interval 
0 3t≤ ≤  seconds. The concluding remarks of the results of quasi-static case are 
given in Table 5.15 in which one can find the time intervals of the erroneous results 
and out of these intervals the results are quite satisfactory. 
    
Figure 5.52 : *zu  displacements at free end of the rod for the parameter 2
N
. Loading is 
right triangle impulse in the time interval 0 3t≤ ≤ s. 
    
Figure 5.53 : *yM  moments at clamped end of the rod for the parameter 2
N
. Loading 
is right triangle impulse in the time interval 0 3t≤ ≤ s. 
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Table 5.15 : The time intervals for the erroneous results of helicoidal rod problem 
for the right triangle impulse loading. 
Calc. 
points 
Calculation 
interval (s) aT 
*
zu  
*
yM  
Erroneous intervals (s) Erroneous intervals (s) 
29 
0 5t≤ ≤  
6 
0 0.06t≤ ≤  0 0.01t≤ ≤  
4.75 5t≤ ≤  4.61 5t≤ ≤  
0 3t≤ ≤  0 0.07t≤ ≤  0 0.005t≤ ≤  2.88 3t≤ ≤  2.84 3t≤ ≤  
211 0 3t≤ ≤  0 0.07t≤ ≤  0 0.001t≤ ≤  2.98 3t≤ ≤  2.18 3t≤ ≤  
29 
0 5t≤ ≤  
8 
0 0.06t≤ ≤  0 0.01t≤ ≤  
4.49 5t≤ ≤  4.18 5t≤ ≤  
0 3t≤ ≤  0 0.07t≤ ≤  0 0.005t≤ ≤  2.71 3t≤ ≤  2.43 3t≤ ≤  
211 0 3t≤ ≤  0 0.07t≤ ≤  0 0.001t≤ ≤  2.46 3t≤ ≤  2.02 3t≤ ≤  
29 
0 5t≤ ≤  
10 
0 0.06t≤ ≤  0 0.01t≤ ≤  
4.22 5t≤ ≤  3.6 5t≤ ≤  
0 3t≤ ≤  0 0.07t≤ ≤  0 0.005t≤ ≤  2.48 3t≤ ≤  1.59 3t≤ ≤  
211 0 3t≤ ≤  0 0.07t≤ ≤  0 0.001t≤ ≤  2.07 3t≤ ≤  1.84 3t≤ ≤  
5.2.5 Example 2.5 : sinusoidal impulse 
5.2.5.1 Investigation of the parameter aT  
*
zu  displacements (see Figure 5.54) and *yM  moments (see Figure 5.55) are obtained 
for the parameters 6,8 and 10aT = , 6=10 NP  at point B, 0 1 secondsloadT≤ ≤  and 
9N =  in the time interval 0 5t≤ ≤  seconds. The concluding remarks of the results 
of quasi-static case are given in Table 5.16 in which one can find the time intervals 
of the erroneous results and out of these intervals the results are quite satisfactory. 
     
Figure 5.54 : *zu  displacements at free end for the sinusoidal impulse in 0 5t≤ ≤
 
s. 
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Figure 5.55 : *yM  moments at clamped end for the sinusoidal impulse in 0 5t≤ ≤
 
s. 
5.2.5.2 Investigation of the parameter 2N  
*
zu  displacements at the tip of the helicoidal rod (see Figure 5.56) and *yM  moments at 
clamped end (see Figure 5.57) are obtained for the parameters 9 and 11N = , 
6
=10 NP  at point B, 0 1 secondsloadT≤ ≤  and 6aT =  in the time interval 0 3t≤ ≤  
seconds. The concluding remarks of the results of quasi-static case are given in Table 
5.16 in which one can find the time intervals of the erroneous results and out of these 
intervals the results are quite satisfactory. 
    
Figure 5.56 : *zu  displacements at free end of the rod for the parameter 2
N
. Loading is 
sinusoidal impulse in the interval 0 3t≤ ≤
 
s. 
    
Figure 5.57 : *yM  moments at clamped end of the rod for the parameter 2
N
. Loading 
is sinusoidal impulse in the interval 0 3t≤ ≤  s. 
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Table 5.16 : The time intervals for the erroneous results of helicoidal rod problem 
for the sinusoidal impulse loading. 
Calc. 
points 
Calculation 
interval (s) aT 
*
zu  
*
yM  
Erroneous intervals (s) Erroneous intervals (s) 
29 
0 5t≤ ≤  
6 
4.98 5t≤ ≤  4.84 5t≤ ≤  
0 3t≤ ≤  2.99 3t≤ ≤  2.91 3t≤ ≤  
211 0 3t≤ ≤  2.79 3t≤ ≤  2.55 3t≤ ≤  
29 
0 5t≤ ≤  
8 
4.95 5t≤ ≤  4.68 5t≤ ≤  
0 3t≤ ≤  2.97 3t≤ ≤  1.93 3t≤ ≤  
211 0 3t≤ ≤  2.58 3t≤ ≤  2.09 3t≤ ≤  
29 
0 5t≤ ≤  
10 
4.72 5t≤ ≤  2.86 5t≤ ≤  
0 3t≤ ≤  2.61 3t≤ ≤  1.73 3t≤ ≤  
211 0 3t≤ ≤  2.18 3t≤ ≤  1.83 3t≤ ≤  
5.2.5.3 Comparison of the solutions 
The results of the given problem for the sinusoidal impulse loading, 0 3t≤ ≤  
seconds, 29 calculation points, 6=10 NP  and , 0 0.4 secondsloadT≤ ≤  are compared 
with Temel et al. (2004) in Section 5.3 with details. 
5.2.6 Example 2.6 : periodical rectangular 
5.2.6.1 Investigation of the parameter aT  
*
zu  displacements (see Figure 5.58) and *yM  moments (see Figure 5.59) are obtained 
for the parameters 6,8 and 10aT = , 6=10 NP  at point B, 0 25 secondsloadT≤ ≤  and 
9N =  in the time interval 0 25t≤ ≤ seconds. The concluding remarks of the results 
of quasi-static case are given in Table 5.17 in which one can find the time intervals 
of the erroneous results and out of these intervals the results are quite satisfactory. 
       
Figure 5.58 : *zu  displacements at free end of the rod for the parameter aT. Loading 
type is periodical rectangular in the interval 0 25t≤ ≤
 
s. 
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Figure 5.59 : *yM  moments at clamped end of the rod for the parameter aT. Loading 
type is periodical rectangular in the interval 0 25t≤ ≤  s. 
5.2.6.2 Investigation of the parameter 2N  
*
zu  displacements (see Figure 5.60) and *yM  moments (see Figure 5.61) are obtained 
for the parameters 9 and 11N = , 6=10 NP  at point B, 0 25loadT≤ ≤ seconds and 
6aT =  in the interval 0 25t≤ ≤ seconds. The concluding remarks of the results of 
quasi-static case are given in Table 5.17 in which one can find the time intervals of 
the erroneous results and out of these intervals the results are quite satisfactory. 
    
Figure 5.60 : *zu  displacements at free end for the parameter 2
N
. Loading is periodical 
rectangular and it is applied in the interval 0 25t≤ ≤  s. 
    
Figure 5.61 : *yM  moments at clamped end of the rod for the parameter 2
N
. Loading 
type is periodical rectangular in the interval 0 25t≤ ≤ s. 
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Table 5.17 : The time intervals for the erroneous results of helicoidal rod problem 
for the periodical rectangular loading. 
Calc. 
points 
Calculation 
interval (s) aT 
*
zu  
*
yM  
Erroneous intervals (s) Erroneous intervals (s) 
29 0 25t≤ ≤  
6 
0 0.09t≤ ≤  0 0.04t≤ ≤  
24.80 25t≤ ≤
 
24.60 25t≤ ≤
 
211 0 25t≤ ≤  0 0.08t≤ ≤  0 0.01t≤ ≤  24.97 25t≤ ≤
 
24.90 25t≤ ≤
 
29 0 25t≤ ≤  8 0 0.09t≤ ≤  0 0.04t≤ ≤  24.51 25t≤ ≤  24.56 25t≤ ≤  
29 0 25t≤ ≤  10 0 0.09t≤ ≤  0 0.04t≤ ≤  24.00 25t≤ ≤  24.07 25t≤ ≤  
5.2.7 Example 2.7 : Heaviside unit step function 
5.2.7.1 Investigation of the parameter aT  
*
zu  displacements at the tip of the helicoidal rod (see Figure 5.62) and *yM  moments 
at clamped end (see Figure 5.63) are obtained for the parameters 6,8 and 10aT = , 
6
=10 NP  at point B, 25 30 secondsloadT≤ ≤  and 9N =  in the time interval 
0 30t≤ ≤  seconds. 
       
Figure 5.62 : *zu  displacements at free end for the parameter aT. The loading type is 
Heaviside unit step function in the interval 0 30t≤ ≤ s. 
     
Figure 5.63 : *yM  moments at clamped end for the parameter aT. The loading type is 
Heaviside unit step function in the interval 0 30t≤ ≤ s. 
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The concluding remarks of the results of quasi-static case are given in Table 5.18 in 
which one can find the time intervals of the erroneous results and out of these 
intervals the results are quite satisfactory. 
5.2.7.2 Investigation of the parameter 2N  
*
zu  displacements at the tip of the helicoidal rod (see Figure 5.64) and *yM  moments 
at clamped end (see Figure 5.65) are obtained for the parameters 9 and 11N = , 
6
=10 NP  at point B, 25 30 secondsloadT≤ ≤  and 6aT =  in the time interval 
0 30t≤ ≤  seconds. The concluding remarks of the solutions of quasi-static case are 
given in Table 5.18. 
    
Figure 5.64 : *zu  displacements at free end for the parameter 2
N
. The loading type is 
Heaviside unit step function in the interval 0 30t≤ ≤ s. 
    
Figure 5.65 : *yM  moments at clamped end for the parameter 2
N
. The loading type is 
Heaviside unit step function in the interval 0 30t≤ ≤ s. 
Table 5.18 : The time intervals for the erroneous results of helicoidal rod problem 
for the Heaviside unit step function loading.  
Calc. 
points 
Calculation 
interval (s) aT 
*
zu  
*
yM  
Erroneous intervals (s) Erroneous intervals (s) 
29 0 30t≤ ≤  6 
24.66 25.20t≤ ≤  23.73 25.25t≤ ≤  
211 24.96 25.18t≤ ≤  24.65 25.01t≤ ≤  
29 0 30t≤ ≤  8 24.60 25.25t≤ ≤  23.78 25.25t≤ ≤  
29 0 30t≤ ≤  10 24.55 25.19t≤ ≤  24.60 25.37t≤ ≤  
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5.2.8 Example 2.8 : increasing sinus 
5.2.8.1 Investigation of the parameter aT  
*
zu  displacements at the tip of the helicoidal rod (see Figure 5.66) and *yM  moments 
at clamped end (see Figure 5.67) are obtained for the parameters 6,8 and 10aT = , 
6
=10 NP  at point B, 0 25 secondsloadT≤ ≤  and 9N =  in the time interval 
0 25t≤ ≤  seconds. 
       
Figure 5.66 : *zu  displacements at free end of the rod for the parameter aT. Loading is 
increasing sinus in the interval 0 25t≤ ≤
 
s. 
     
Figure 5.67 : *yM  moments at clamped end of the rod for the parameter aT. Loading 
is increasing sinus in the interval 0 25t≤ ≤
 
s. 
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5.2.8.2 Investigation of the parameter 2N  
*
zu  displacements at the tip of the helicoidal rod (see Figure 5.68) and *yM  moments 
at clamped end (see Figure 5.69) are obtained for the parameters 9 and 11N = , 
6
=10 NP  at point B, 0 25 secondsloadT≤ ≤  and 6aT =  in the time interval 
0 25t≤ ≤  seconds. It’s seen that there is no erroneous time intervals for the loading 
type of increasing sinus. 
    
Figure 5.68 : *zu  displacements at free end of the rod for the parameter 2
N
. Loading is 
increasing sinus in the interval 0 25t≤ ≤
 
s. 
    
Figure 5.69 : *yM  moments at clamped end of the rod for the parameter 2
N
. Loading 
is increasing sinus in the interval 0 25t≤ ≤  s. 
As a final conclusion of the solutions of the helix problem, it’s observed that;  
• It is advisable to use aT = 6 due to the shorter erroneous time intervals compared 
to aT = 8 and aT = 10,  
• It’s advisable to use 29 calculation points since it gives enough precision in a 
shorter computation period compared to 2N ( 9N > ), 
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5.3 Example 3.1 : Convergence and Verification Analysis of Cylindrical Helix 
With a Square Cross-section 
The problem is a cantilever viscoelastic cylindrical helicoidal rod (see Figure 5.37) 
with a constant square cross-sectional area of 212 12 cmA= × . Radius of the helix is 
200 cm1R = , height is 300 cmH = , the number of active turns is 0.5n= . The 
viscoelastic material properties are calculated using the Eqns. (3.65) and (3.62) 
where 11 22.06 10 N / mE = × , 0.3υ =  and  the damping parameter is 0.02f = . The 
material density is 37850 kg/mρ = . The analysis is performed for two different type 
of vertical point loads, one is the step type and the other one is a sinusoidal impulse, 
all applied at the free end of the rod with the magnitude 610 NP= . Solutions are 
performed by calculating values of 29 points in the time intervals. The parameter of 
Durbin’s modified Laplace transformation 6aT = . Through the analysis for the 
continuous step type loading, finite element analysis interval 0 2.5FET≤ ≤ seconds 
and for the sinusoidal impulse, loading interval
 
0 0.4loadT≤ ≤ seconds, finite element 
analysis interval 0 3FET≤ ≤ seconds. In order to attain the necessary precision for the 
results, a convergence analysis is performed for 20, 40 and 60 finite elements. The 
computation time consumed by the computer (Intel® Core™ i5-2410M CPU 
@2.30GHz, 4.00 GB RAM, 64 bit operating system) for 40 finite elements and 60 
elements with respect to 20 elements are 5 times and 22.5 times longer, respectively. 
In this section, a convergence study is performed and results are compared by Temel 
et al. (2004). The results are presented with the following non-dimensionalization: 
 
2
* * *; ;
n n
u c c
u T T M M
c EI EI
= = =
 (5.3) 
    
Figure 5.70 : Convergence under the vertical step type point loading for 20, 40 and 
60 finite elements. 
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Figure 5.71 : Convergence under the vertical sinusoidal point impulse for 20, 40 and 
60 finite elements. 
Referring to the Figures 5.70 and 5.71, through the analysis 40 finite elements are 
used in this example. In the analysis the non-dimensional vertical displacement *zu  at 
the tip of the helicoidal rod, the non-dimensional shear force *zT  and the non-
dimensional moments *yM  and 
*
zM  at the clamped end are investigated. Torsional 
moment of inertia of the square cross-section is calculated by the following formula, 
 
40.141bI a=  (5.4) 
where a  is the dimension of the square cross-section. In Temel et al. (2004) 
torsional moment of inertia was calculated using the empirical relation 2b xI I≈
⌢
. 
Since this assumption causes loss of precision considerably, we got in touch with the 
authors and they reanalyzed the same problem using the formula Eqn. (5.4) 
(Timoshenko, 1970). Hence corrected results of the referred authors are compared 
with our results in Table 5.19 and the results based on the empirical formula is given 
just for a correction and to give an idea about the level of loss of precision. The non-
dimensional vertical displacement *zu  at free end for the step type loading at 0.2 
seconds and for sinusoidal impulse at 0.3 seconds are given in Table 5.19. It is 
observed that viscoelastic behavior oscillates around the constant quasi-static result 
in an envelope based on the damping ratio as it is expected (see Figs. 5.72 and 5.73). 
Table 5.19 : Comparision of the vertical displacements *zu  with Temel et al. (2004) 
difference%=(this_study−other_study)/(this_study)×100. 
 Quasi-static case Viscoelastic case 
Load 
types 
This 
study 
Temel et al. (2004) Diff. 
 % 
This 
study 
Temel et al. (2004) Diff. 
 % bI  2b xI I≈
⌢
 bI  2b xI I≈
⌢
 
step  9.41 9.40 8.20 0.10 14.29 14.41 12.99 -0.83 
sinusoidal 
impulse 7.25 7.18 5.99 0.96 13.13 13.09 11.00 0.30 
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Figure 5.72 : Displacement, shear force and moments for the vertical step type point 
loading. 
 
Figure 5.73 : Displacement, shear force and the moments for the vertical sinusoidal 
point impulse. 
5.4 Benchmark Examples 
5.4.1 Example 4.1 : cylindrical helix - results of circular and square cross-
sectional area compared 
In this example, a viscoelastic cantilever cylindrical helix (see Figure 5.37) under a 
vertical step type point loading applied at the tip of the rod is solved. In order to keep 
the net cross-sectional area constant, for the square cross-section as an edge 
dimension 12cma=  and for circular cross-section as a diameter 13.54cmd =  are 
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used. The material properties, the loading and the non-dimensionalization used in 
this example are same as given in the Example 3.1. Through the analysis, the 
Durbin’s modified Laplace transformation parameter 6aT = , the number of 
calculation points 29 in the time interval, the finite element analysis time 2.5FET = s 
and the number of finite elements 40 are kept constant. Through the analysis, a 
circular and a square cross-section are considered. The non-dimensional vertical 
displacement *zu  and the cross-sectional rotations tΩ , nΩ , bΩ  at the free end of the 
rod are investigated for both cross-sectional cases (see Figures 5.74 and 5.75).   
The maximum peak of non-dimensional vertical displacement *zu  at the tip of the 
helicoidal rod is measured at 0.23t = s for circular cross-section ( * 13.99zu = ) and at 
0.235t = s for square cross-section ( * 14.89zu = ). The absolute maximum difference 
for the non-dimensional vertical displacement *zu  and the rotations tΩ , nΩ , bΩ  at 
the tip of the rod of square cross-section with respect to circular cross-section are 
10.53% (t= 0.83s), 11.32% (t= 0.22s), 9.20% (t= 0.83s) and 128.61% (t= 0.18s), 
respectively. Please note that, percent values represent an increase. 
 
Figure 5.74 : The variation of the non-dimensional vertical displacements uz* at the 
tip of helicoidal rod with a circular and a square cross-section for the 
vertical step type point loading. 
 
Figure 5.75 : The variation of the rotations Ωt, Ωn and Ωb, respectively at the 
clamped end of helicoidal rod with a circular and a square cross-
section for the vertical step type point loading. 
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5.4.2 Example 4.2 : the influence of the damping parameter f and the taper ratio 
ζ  in the case of conical helix with a circular cross-section 
The problem is a viscoelastic cantilever conical helix (see Figure 4.1) with a constant 
circular cross-section under a vertical step type point loading applied at the tip of the 
rod. In this example, keeping the bottom radius constant 1( 200 cm)R = , the 
influence of the damping parameter f  and the variation of conic geometry by 
changing the taper ratio 2 1/ 0.4,0.6 and 0.8R Rζ = =  are investigated for the 
following two cases: 
• Height of the helix geometry is kept constant while using a different pitch 
angle for each taper ratio. 
• Pitch angle of the helix geometry is kept constant while using a different 
helix height for each taper ratio. 
The material properties and the loading used in this example are same as given in the 
Example 3.1. Through the analysis, the Durbin’s modified Laplace transformation 
parameter 6aT = , the number of calculation points 29 in the time interval and the 
finite element analysis time 2.5FET = seconds and the number of finite elements 40 
are kept constant. The diameter of the cross-section 13.54cmd =  and radius of the 
conical helix at any angle ϕ  (radian) is:  
 
( )2 1
1( ) 2
R R
R R
n
ϕ ϕ
pi
−
= +  (5.5) 
where n=0.5. The following non-dimensionalization is used in this example,
  
 
* * 4 * 3
2 2, ,
n n
b b
A E I E I
u E u T c T M c M
c P P A I P A Iζ ζζ
ζ
υ ζ υ ζ υ                   = = =                           
 (5.6) 
where 2 2( ) ( ) ( )c c R pζ ϕ ϕ ϕ= = +  and ( ) ( ) tanp Rϕ ϕ α= . For each centerline 
radius ( )R ϕ  and the step for unit angle ( )p ϕ  of the helix the corresponding cζ  
values at the free end and the clamped end of the rod are given in the explanations 
under the headings of both cases. 
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5.4.2.1 Constant helix height 
Keeping the height of helix 300 cmH =
 
and the bottom radius of helix 
1 200 cmR =  constant, calculations are performed for the damping parameters 
0.0002, 0.002, 0.02f =  and taper ratios 0.4, 0.6, 0.8,1ζ = . For the nested taper 
ratios the corresponding pitch angles, the cζ  value at the free end ( 90ϕ = ° ) and the 
cζ  value at the clamped end ( 0ϕ = ) are given in Table 5.20.  
Table 5.20 : The corresponding pitch angles and the cζ  value at the ends of the rod 
for the given taper ratios ( taper ratioζ = , pitch angleα = , 
horizontal angleϕ = ). 
2 1/R Rζ =  ( ) degreesα  
2 2( ) ( ) ( )c c R pζ ϕ ϕ ϕ= = +  
0ϕ = °  90ϕ = °  
0.4  34.297610°  2.42m  0.96m  
0.6  30.830060°  2.32m  1.39m  
0.8  27.946690°  2.26m  1.81m  
1 25.522830°  2.21m  2.21m  
The corresponding results for the non-dimensional vertical displacement *zu  at the tip 
of the rod (see Figures 5.76 and 5.78) and the non-dimensional moment *yM  at the 
clamped end (see Figure 5.77) are obtained. 
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Figure 5.76 : The non-dimensional vertical displacements *zu  at the tip of helix with 
a circular cross-section for the taper ratios 0.4, 0.6, 0.8,1ζ =  and 
300 cmH = . 
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Figure 5.77 : The non-dimensional moment *yM  at the clamped end of helix with a 
circular cross-section for the taper ratios 0.4, 0.6, 0.8,1ζ =  and 
300 cmH = . 
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Figure 5.78 : The non-dimensional vertical displacements *zu  at the tip of helix with 
a circular cross-section for the damping parameters 
0.0002, 0.002, 0.02f =  and 300 cmH = . 
The maximum non-dimensional vertical displacement *zu  values at the tip of the rod 
are given in Table 5.21 for each given taper ratios ζ  and damping parameters f . 
Referring to the Table 5.21 and Figures 5.76, 5.77 one may easily conclude that the 
general rigidity behavior of the helicoidal bar increases by decreasing taper ratio (see 
Table 5.22). Increasing the taper ratio decreased the non-dimensional vertical 
displacement *zu  and non-dimensional moment 
*
yM  at a decreasing rate.  From 
Figure 5.78 and Table 5.23, it is clear that the non-dimensional vertical displacement 
*
zu  is inversely proportional the damping parameter f, as expected. 
Table 5.21 : The non-dimensional maximum vertical displacements *zu  of conical 
helix with a circular cross-section for 300 cmH = . 
Taper ratio 
2 1/R Rζ =  
The non-dimensional maximum vertical displacements *zu  
0.0002f =  0.002f =  0.02f =  
1.0 14940.18 14457.19 12296.48 
0.8  10632.08 10169.14 8501.91 
0.6  7248.61 6860.62 5639.55 
0.4  4605.65 4422.65 3575.21 
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Table 5.22 : Percent changes of the maximum vertical displacement *zu  of the 
conical helix with a circular cross-section for different taper ratios and 
damping parameters each compared with respect to the cylindrical 
helicoidal rod under the corresponding damping parameter. Negative 
sign represent a decrease. 
Taper ratio 
2 1/R Rζ =  
Changes of the maximum non-dimensional vertical displacement 
*
zu  % 
0.0002f =  0.002f =  0.02f =  
1.0 0.00 0.00 0.00 
0.8 
−28.83 −29.66 −30.85 
0.6 
−51.48 −52.54 −54.13 
0.4 
−69.17 −69.41 −70.92 
Table 5.23 : Percent changes of the maximum vertical displacement *zu  of the 
conical helix with a circular cross-section for different taper ratios and 
damping parameters are compared with respect to *zu  results 
corresponding to each taper ratios with 0.0002f = . Negative sign 
represents a decrease. 
f  
Changes of the maximum non-dimensional vertical displacement 
*
zu  % 
1ζ =  0.8ζ =  0.6ζ =  0.4ζ =  
0.0002 0.00 0.00 0.00 0.00 
0.002 −3.23 −4.35 −5.35 −3.98 
0.02 −17.69 −20.03 −22.19 −22.37 
5.4.2.2 Constant pitch angle 
Keeping the pitch angle 25.522830α = °
 
and the bottom radius of helix 
1 200 cmR =  constant, calculations are performed for the damping parameters 
0.0002, 0.002f = , 0.02  and taper ratios 0.4, 0.6, 0.8ζ = , 1. For the nested taper 
ratios the corresponding height of the helix, the cζ  value at the free end ( 90ϕ = ° ) 
and the cζ  value at the clamped end ( 0ϕ = ) are given in Table 5.24. 
Table 5.24 : The corresponding pitch angles and the cζ  value at the ends of the rod 
for the given taper ratios ( taper ratioζ = , pitch angleα = ). 
2 1/R Rζ =  ( ) cmH  
2 2( ) ( ) ( )c c R pζ ϕ ϕ ϕ= = +  
0ϕ = °  90ϕ = °  
0.4  210  2.21m  0.88m  
0.6  240  2.21m  1.32m  
0.8  270  2.21m  1.77m  
1 300  2.21m  2.21m  
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The corresponding results for the non-dimensional vertical displacement *zu  at the tip 
of the rod (see Figure 5.79 and 5.81) and the non-dimensional moment *yM  at the 
clamped end (see Figure 5.80) are obtained. 
 
Figure 5.79 : The non-dimensional displacement *zu  at the tip of helix with a circular 
cross-section for the ratios 0.4, 0.6, 0.8,1ζ =  and 25.522830α = ° . 
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Figure 5.80 : The non-dimensional momentt *yM  at the clamped end of helix with a 
circular cross-section for the ratios 0.4, 0.6, 0.8,1ζ =  and 
25.522830α = ° . 
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Figure 5.81 : The non-dimensional displacements *zu  at the tip of helicoidal rod with 
a circular cross-section for the damping parameters 
0.0002, 0.002, 0.02f =  and 25.522830 constantα = °= . 
The maximum non-dimensional vertical displacement *zu  values at the tip of the rod 
are given in Table 5.25 for each given taper ratios ζ  and damping parameters f . 
Referring to the Table 5.25 and Figures 5.79 and 5.80 one may easily conclude that 
that the general rigidity behavior of the helicoidal bar is inversely proportional with 
the taper ratio (see Table 5.26). From Figure 5.81 and Table 5.27, it is clear that the 
non-dimensional vertical displacement *zu
 
is inversely proportional with the damping 
ratio f , as expected. 
Table 5.25 : The non-dimensional maximum vertical displacements *zu  of conical 
helix with a circular cross-section for 25.522830α = ° . 
Taper ratio 
2 1/R Rζ =  
The non-dimensional maximum vertical displacements *zu  
0.0002f =  0.002f =  0.02f =  
1.0 14940.18 14457.19 12296.48 
0.8  10658.41 10282.92 8484.55 
0.6  7330.05 7019.94 5592.14 
0.4  4859.95 4587.01 3496.81 
 
89 
Table 5.26 : Percent changes of the maximum vertical displacement *zu  of the 
conical helix for different taper ratios and damping parameters each 
compared with respect to the cylindrical helicoidal rod under the 
corresponding damping parameter. Negative sign represent a decrease. 
Taper ratio 
2 1/R Rζ =  
Changes of the non-dimensional maximum vertical 
displacement *zu  % 
0.0002f =  0.002f =  0.02f =  
1.0 0.00 0.00 0.00 
0.8  −28.65 −28.87 −31.00 
0.6  −50.93 −51.44 −54.52 
0.4  −67.47 −68.27 −71.56 
Table 5.27 : Percent changes of the maximum vertical displacement *zu  for different 
taper ratios and damping parameters are compared with respect to *zu  
results corresponding to each taper ratios with 0.0002f = . Negative 
sign represents a decrease. 
f  
Changes of the non-dimensional maximum vertical 
displacement *zu  % 
1ζ =  0.8ζ =  0.6ζ =  0.4ζ =  
0.0002  0.00 0.00 0.00 0.00 
0.002  −3.23 −3.52 −4.23 −5.61 
0.02  −17.69 −20.39 −23.70 −28.04 
5.4.3 Example 4.3 : the influence of the damping parameter f and the taper ratio 
ζ  in the case of conical helix with a square cross-section 
In this example, Example 4.2 is investigated for square cross-section. A viscoelastic 
cantilever conical helix (see Figure 4.1) with a constant square cross-section is 
solved and keeping the bottom radius constant 1( 200 cm)R = , the influence of the 
damping parameter f  and the variation of conic geometry by changing the taper 
ratio 2 1/ 0.4,0.6 and 0.8R Rζ = =  are investigated for the following two cases: 
• Height of the helix geometry is kept constant while using a different pitch 
angle for each taper ratio. 
• Pitch angle of the helix geometry is kept constant while using a different 
helix height for each taper ratio. 
Geometric (except geometry of cross-section), loading, analysis and material 
properties used in this example are same as given in the Example 4.2. A convergence 
study of this example is performed for 20, 40 and 60 finite elements in Eratlı et al. 
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(2011). Referring to the results in Eratlı et al. (2011), 40 finite elements are used in 
this example. Area of the square cross-section is 212 12 cmA= × . Torsional moment 
of inertia of the square cross-section is calculated by using the formula Eqn. (5.4); 
 
40.141bI a=  (5.7) 
Radius of the conical helix at any angle ϕ  (radian) is:  
 
( )2 1
1( ) 2
R R
R R
n
ϕ ϕ
pi
−
= +  (5.8) 
where n=0.5. The following non-dimensionalization is used in this example,
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υ ζ υ ζ υ                   = = =                           
 (5.9) 
where 2 2( ) ( ) ( )c c R pζ ϕ ϕ ϕ= = +  and ( ) ( ) tanp Rϕ ϕ α= . For each centerline 
radius ( )R ϕ  and the step for unit angle ( )p ϕ  of the helix the corresponding cζ  
values at the free end and the clamped end of the rod are given in the explanations 
under the headings of both cases. 
5.4.3.1 Constant helix height 
Keeping the height of helix 300 cmH =
 
and the bottom radius of helix 
( )1 200 cmR =  constant, calculations are performed for the damping parameters 
0.0002, 0.002, 0.02f =  and taper ratios 0.4, 0.6, 0.8,1ζ = . For the nested taper 
ratios the corresponding pitch angles, the cζ  value at the free end ( 90ϕ = ° ) and the 
cζ  value at the clamped end ( 0ϕ = ) are given in Table 5.28.  
Table 5.28 : The corresponding pitch angles and the cζ  value at the ends of the rod 
for the given taper ratios ( taper ratioζ = , pitch angleα = , 
horizontal angleϕ = ). 
2 1/R Rζ =  ( ) degreesα  
2 2( ) ( ) ( )c c R pζ ϕ ϕ ϕ= = +  
0ϕ = °  90ϕ = °  
0.4  34.297610°  2.42m  0.96m  
0.6  30.830060°  2.32m  1.39m  
0.8  27.946690°  2.26m  1.81m  
1 25.522830°  2.21m  2.21m  
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The corresponding results for the non-dimensional vertical displacement *zu  at the tip 
of the rod (see Figures 5.82 and 5.84) and the non-dimensional moment *yM  at the 
clamped end (see Figure 5.83) are obtained. 
 
Figure 5.82 : The non-dimensional displacements *zu  at the tip of helix with a square 
cross-section for the ratios 0.4, 0.6, 0.8,1ζ =  and 300 cmH = . 
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Figure 5.83 : The non-dimensional moments *yM  at the clamped end of helix with a 
square cross-section for the ratios 0.4, 0.6, 0.8,1ζ =  and 300 cmH = . 
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Figure 5.84 : The non-dimensional displacements *zu  at the tip of helix with a square 
cross-section for the damping parameters 0.0002, 0.002, 0.02f =  and 
300 cmH = . 
The maximum non-dimensional vertical displacements *zu  are given in Table 5.29 for 
each taper ratios ζ  and damping parameters f . Referring to the Table 5.29 and 
Figures 5.82, 5.83 one may easily conclude that increasing taper ratio decreased the 
non-dimensional displacement *zu  and non-dimensional moment 
*
yM  at a decreasing 
rate (see Table 5.30) as in the Example 4.2. From Figure 5.84 and Table 5.31, it is 
clear that as the damping ratio f  increases the non-dimensional displacement *zu  
decreases as expected. In Table 5.32, percent differences of the non-dimensional 
maximum displacements of helix with circular cross-section and square cross-section 
are given for 300 cmH =  (see Table 5.29 and 5.21). 
Table 5.29 : The non-dimensional maximum vertical displacements *zu  of conical 
helix with square cross-section for 300 cmH = . 
Taper ratio 
2 1/R Rζ =  
The non-dimensional maximum vertical displacements *zu  
0.0002f =  0.002f =  0.02f =  
1.0 15803.90 15405.54 13255.73 
0.8  11156.00 10821.00 9128.92 
0.6  7538.27 7272.58 6016.63 
0.4  4813.65 4669.70 3777.66 
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Table 5.30 : Percent changes of the maximum vertical displacement *zu  of the 
conical helix for different taper ratios and damping parameters each 
compared with respect to the cylindrical helicoidal rod under the 
corresponding damping parameter. Negative sign represent a decrease. 
Taper ratio 
2 1/R Rζ =  
Changes of the maximum vertical displacement *zu  % 
0.0002f =  0.002f =  0.02f =  
1.0 0.00 0.00 0.00 
0.8  −29.41 −29.75 −31.13 
0.6  
−52.30 −52.79 −54.61 
0.4  
−69.54 −69.68 −71.50 
Table 5.31 : Percent changes of the maximum vertical displacement *zu  for different 
taper ratios and damping parameters are compared with respect to *zu  
results corresponding to each taper ratios with 0.0002f = . Negative 
sign represents a decrease. 
f  Changes of the maximum vertical displacement 
*
zu  % 
1ζ =  0.8ζ =  0.6ζ =  0.4ζ =  
0.0002 0.00 0.00 0.00 0.00 
0.002  −2.52 −3.00 −3.52 −2.99 
0.02  −16.12 −18.16 −20.18 −21.52 
Table 5.32 : Percent change of the nondimensional maximum displacements *zu  of 
helix with circular cross-section with respect to the square cross-section 
for 300 cmH = . Negative sign represents a decrease. 
Taper ratio 
2 1/R Rζ =  
( ) ( ) ( )* * *
square circular square
/ 100z z zu u u
 − ×  
 
0.0002f =  0.002f =  0.02f =  
1.0 
−5.46% −6.15% −7.23% 
0.8  −4.69% −6.02% −6.86% 
0.6  −3.84% −5.66% −6.26% 
0.4  −4.32% −5.29% −5.35% 
5.4.3.2 Constant pitch angle 
Keeping the pitch angle 25.522830α = °
 
and the bottom radius of helix 
( )1 200 cmR =  constant, calculations are performed for the damping parameters 
0.0002, 0.002f = , 0.02  and taper ratios 0.4, 0.6, 0.8ζ = , 1. For the nested taper 
ratios the corresponding height of the helix, the cζ  value at the free end ( 90ϕ = ° ) 
and the cζ  value at the clamped end ( 0ϕ = ) are given in Table 5.33. 
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Table 5.33 : The corresponding pitch angles and the cζ  value at the ends of the rod 
for the given taper ratios ( taper ratioζ = , pitch angleα = , 
horizontal angleϕ = ). 
2 1/R Rζ =  ( ) cmH  
2 2( ) ( ) ( )c c R pζ ϕ ϕ ϕ= = +  
0ϕ = °  90ϕ = °  
0.4  210  2.21m  0.88m  
0.6  240  2.21m  1.32m  
0.8  270  2.21m  1.77m  
1 300  2.21m  2.21m  
The corresponding results for the non-dimensional vertical displacement *zu  at the tip 
of the rod (see Figure 5.85 and 5.87) and the non-dimensional moment *yM  at the 
clamped end (see Figure 5.86) are obtained. 
 
Figure 5.85 : The non-dimensional displacements *zu  at the tip of helix with a square 
cross-section for the ratios 0.4, 0.6, 0.8,1ζ =  and 25.522830α = ° . 
96 
 
Figure 5.86 : The non-dimensional moments *yM  at the clamped end of helix with a 
square cross-section for the ratios 0.4, 0.6, 0.8,1ζ =  and 
25.522830α = ° . 
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Figure 5.87 : The non-dimensional displacements *zu  at the tip of helix with a square 
cross-section for the damping parameters 0.0002, 0.002, 0.02f =  and 
25.522830α = ° . 
The maximum non-dimensional vertical displacement *zu  values are given in Table 
5.34 for given taper ratios ζ  and damping ratios f . Referring to the Table 5.34 and 
Figures 5.85 and 5.86 one may easily conclude that the general rigidity behavior of 
the helicoidal bar is inversely proportional with the taper ratio (see Table 5.35). From 
Figure 5.87 and Table 5.36, it is clear that the non-dimensional vertical displacement 
*
zu
 
is inversely proportional with the damping ratio f , as expected. In Table 5.37, 
percent differences of the non-dimensional maximum displacements of helix with 
circular cross-section and square cross-section are given for 25.522830α = °  (see 
Tables 5.34 and 5.25). 
Table 5.34 : The non-dimensional maximum vertical displacements *zu  of conical 
helix with square cross-section for 25.522830α = ° . 
Taper ratio 
2 1/R Rζ =  
The non-dimensional maximum vertical displacements *zu  
0.0002f =  0.002f =  0.02f =  
1.0 15803.90 15405.54 13255.73 
0.8  11313.67 10971.57 9154.27 
0.6  7786.39 7502.43 6031.37 
0.4  5159.49 4904.15 3758.07 
98 
Table 5.35 : Percent changes of the maximum vertical displacement *zu  of the 
conical helix for different taper ratios and damping parameters each 
compared with respect to the cylindrical helicoidal rod under the 
corresponding damping parameter. Negative sign represent a decrease. 
Taper ratio 
2 1/R Rζ =  
Changes of the maximum vertical displacement *zu  % 
0.0002f =  0.002f =  0.02f =  
1.0 0.00 0.00 0.00 
0.8  −28.41 −28.78 −30.94 
0.6  −50.73 −51.30 −54.49 
0.4  −67.35 −68.16 −71.64 
Table 5.36 : Percent changes of the maximum vertical displacement *zu  for different 
taper ratios and damping parameters are compared with respect to *zu  
results corresponding to each taper ratios with 0.0002f = . Negative 
sign represents a decrease. 
f  Changes of the maximum vertical displacement 
*
zu  % 
1ζ =  0.8ζ =  0.6ζ =  0.4ζ =  
0.0002  0.00 0.00 0.00 0.00 
0.002  −2.52 −3.02 −3.64 −4.94 
0.02  −16.12 −19.08 −22.53 −27.16 
Table 5.37 : Percent decrease of the nondimensional maximum displacements *zu  of 
helix with circular cross-section compare to square cross-section for 
25.522830α = ° . Negative sign represents a decrease. 
Taper ratio 
2 1/R Rζ =  
( ) ( ) ( )* * *
square circular square
/ 100z z zu u u
 − ×  
 
0.0002f =  0.002f =  0.02f =  
1.0 
−5.46% −6.15% −7.23% 
0.8  −5.79% −6.27% −7.31% 
0.6  −5.86% −6.43% −7.28% 
0.4  −5.80% −6.46% −6.95% 
5.4.4 Example 4.4 : conical helix with rectangular cross-section – convergence 
analysis and the influence of the damping parameter f 
The problem is a viscoelastic cantilever conical helix (see Figure 4.1) with a 
rectangular cross-section under a vertical step type point loading applied at the tip of 
the rod. Dimensions of the vertical and the horizontal edge of the rectangular cross-
section are 1 120 cma =  and 2 12 cm,a =  respectively. The bottom and the top radius 
of the helix are 1 200 cmR =  and 2 100 cm,R =  respectively. Height of the helix 
680 cmH =  and the number of active turns 1.5n= . The viscoelastic material 
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properties are calculated using the Eqns. (3.65) and (3.62) where 
11 22.06 10 N / mE = × , 0.3υ =  and the damping parameter is 0.02f =  for the 
convergence analysis and 0.02, 0.002, 0.0002f =  for the investigation of influence 
of the damping parameter. The material density is 37850 kg/mρ = . Through the 
analysis, a vertical step type point loading applied at the tip of the rod with 
magnitude 510 NP =  and finite element analysis interval is 0 2.5FET≤ ≤ seconds. 
The parameter of Durbin’s modified Laplace transformation 6aT = . For the 
number of the calculation points 2N  in the time interval and finite elements, a 
convergence analysis is performed in Section 5.4.4.1. The following non-
dimensionalization is used in this example,
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 (5.10) 
where 2 2( ) ( ) ( )c c R pζ ϕ ϕ ϕ= = + , ( ) ( ) tanp Rϕ ϕ α= , ( )R ϕ  is centerline radius 
(see Eqn. (5.8)), ( )p ϕ  is the step for unit angle and ϕ  is horizontal angle. For the 
taper ratio 2 1/ 0.5R Rζ = = , the corresponding pitch angle is 25.687630α = 	 , the 
cζ  value at the free end ( 90 )ϕ = °  is 1.12 m  and the cζ  value at the clamped end 
( 0)ϕ =  is 2.21 m . 
5.4.4.1 Convergence analysis 
In order to attain the necessary precision for the results, a convergence analysis is 
performed for 20, 40, 60, 80, 100 and 120 finite elements by calculating values of 29 
points in the time interval 0 2.5 sFET≤ ≤  (see Figure 5.88) and 60, 80, 100 and 120 
finite elements by calculating values of 211 points in the time interval 0 2.5 sFET≤ ≤  
(see Figure 5.89). The non-dimensional displacement *zu  at the tip of the rod and the 
non-dimensional moment *yM  at the clamped end are obtained for the damping 
parameter 0.02f = . In Figures 5.88 and 5.89, the results are given in the interval 
0.5 1st≤ ≤  for a better vision. The computation times consumed by the computer 
(Intel® Core™ i5-2410M CPU @2.30GHz, 4.00 GB RAM, 64 bit operating system) 
for the analysis using each nested finite elements are given in Table 5.38. 
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Table 5.38 : Duration of the convergence analysis for 20, 40, 60, 80, 100 and 120 
finite elements using 29 and 211 calculation points in the time interval. 
2N Finite Elements 20 40 60 80 100 120 
N = 9 2 min 7 min 22 min 1 h 47 min > 2 h > 2 h 
N = 11 - - 1 h 4 min 4 h 27 min > 6 h > 6 h 
 
Figure 5.88 : The non-dimensional displacements *zu  at the tip of the rod and the 
non-dimensional moments *yM  at the clamped end for 20, 40, 60, 80, 
100 and 120 finite elements using 29 calculation points in the interval 
0 2.5 sFET≤ ≤ . 
 
Figure 5.89 : The non-dimensional displacements *zu  at the tip of the rod and the 
non-dimensional moments *yM  at the clamped end for 60, 80, 100 and 
120 finite elements using 211 calculation points in the interval 
0 2.5 sFET≤ ≤ . 
The maximum non-dimensional displacements *zu  at the tip of the rod and the 
maximum non-dimensional moments *yM  at the clamped end for 20, 40, 60, 80, 100 
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and 120 finite elements using 29 calculation points and 60, 80, 100 and 120 finite 
elements using 211 calculation points in the interval 0 2.5 sFET≤ ≤  are given in 
Table 5.39. The maximum difference of non-dimensional displacements *zu  at the tip 
of the rod and non-dimensional moments *yM  at the clamped end for the nested finite 
elements and calculation points are given in Table 5.40. Referring to the Tables 5.39 
and 5.40, it is advisable to use 60 finite elements and 29 calculation points in the time 
interval. 
Table 5.39 : The maximum non-dimensional displacements *zu  at the tip of the rod 
and the maximum non-dimensional moments *yM  at the clamped end 
for the nested finite elements and 2N calculation points. 
N  t (s) 20 FEs 40 FEs 60 FEs 80 FEs 100 FEs 120 FEs 
9 
*
max( )zu  0.115 2358.5 2273.1 2286.8 2290.0 2284.4 2286.6 
*
max( )yM  0.095 991.5 973.0 974.8 975.3 974.0 974.4 
11 
*
max( )zu  0.115 - - 2287.2 2290.5 2284.8 2286.9 
*
max( )yM  0.095 - - 975.0 975.5 974.2 974.6 
Table 5.40 : The absolute maximum difference of non-dimensional displacement *zu  
at the tip of the rod and non-dimensional moment *yM  at the clamped 
end with respect to the result of 120 FEs for the nested finite elements 
and 2N calculation points. 
N  Diff.% = (120 FEs - Nested FEs)/120 FEs * 100 
 20 FEs 40 FEs 60 FEs 80 FEs 100 FEs 
9 
*
zu  0.09 0.03 0.00 0.01 0.01 
*
yM  11.16 2.27 0.08 0.57 0.31 
11 
*
zu  - - 0.00 0.02 0.01 
*
yM  - - 40.14 20.34 2.79 
5.4.4.2 The influence of the damping parameter f 
The non-dimensional displacement *zu  at the tip of the rod and the non-dimensional 
moment *yM  at the clamped end are obtained for the damping parameters 
0.02, 0.002f =  and 0.0002  (see Figure 5.90) and the influence of the damping 
parameter f is investigated. Referring to the Tables 5.39 and 5.40, 60 finite elements 
are used and the solutions are performed by calculating values of 29 points in the 
time interval. 
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Figure 5.90 : The non-dimensional displacement *zu  at the tip of the rod and the non-
dimensional moment *yM  at the clamped end for the damping 
parameters 0.02f = , 0.002  and 0.0002 . 
For the damping parameters 0.02, 0.002 and 0.0002f = , the maximum non-
dimensional vertical displacements *zu  at the tip of the rod are 2286.881 
( 0.115s),t =  2992.058 ( 0.125s)t = , 3222.713 ( 0.32s)t =  and the maximum non-
dimensional moments *yM  at the clamped end are 974869.6 ( 0.095s)t = , 1298511 
( 0.125s)t =  and 1480410 ( 0.13s)t = , respectively. The percent differences of the 
maximum non-dimensional vertical displacements *zu  at the tip of the rod for the 
damping parameters 0.002 and 0.02f =  compare to the 0.0002f =  are 7.157 and 
29.038, respectively. The percent differences of the maximum non-dimensional 
moments *yM  at the clamped end for the damping parameters 0.002 and 0.02f =  
compare to the 0.0002f =  are 12.287 and 34.148, respectively. It is clear that the 
non-dimensional vertical displacement 
 
and the non-dimensional moment *yM  are 
inversely proportional with the damping ratio , as expected. 
 
*
zu
f
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6.  RESULTS AND DISCUSSION  
In this thesis, dynamic behavior of cylindrical and conical viscoelastic helixes with 
circular and non-circular cross-sections based on the Timoshenko theory is 
investigated using the mixed finite element method. As a solution strategy the well 
known “correspondence principle” is followed by a combination of the Laplace 
transformation and the inverse Laplace transform. The correspondence principle is 
based on the relation of two problems with exactly same geometry and boundary 
conditions, one is linear elastic material and the other one is linear viscoelastic 
problem. If the Laplace transform is applied to the viscoelastic problem, it becomes 
similar to the elastic problem. Hence, if the solution is known for the elastic problem, 
the solution of the viscoelastic problem can be obtained in the Laplace space by 
replacing elastic properties with the Laplace transformed viscoelastic properties and 
by replacing the loadings by their corresponding Laplace transforms. In order to 
obtain the time domain solution, the inverse Laplace transform must be applied. 
Since one of the most popular model in the literature for the solids is the Kelvin 
model and in this study it is employed for defining the behavior of the viscoelastic 
material.  
Modified Durbin’s Laplace transformation algorithm is used for coming back to time 
space from the frequency space. First of all, a convergence analysis is performed for 
the two parameters of the inverse numerical transformation method, one is the 
parameter aT, which is introduced from modified Durbin’s Laplace transformation 
method and the other one is 2N that is used to determine the number of calculation 
points. This procedure is applied to eight different load types (step, rectangular 
impulse, triangular impulse, right triangular impulse, sinusoidal impulse, periodical 
rectangular, Heaviside unit step, increasing sinus types). It is observed that the 
numerical inverse Laplace algorithm used in this study is very precise. 
Afterward, as a verification examples a cylindrical viscoelastic helix existing in the 
literature is handled, and quite satisfactory results obtained. Finally, some benchmark 
problems are solved, such as helices with various taper ratios and damping 
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parameters, results are tabulated with some graphics for further usages. For each 
example, a FE mesh convergence analysis is performed, necessary mesh points for 
enough precision are obtained and used. Below you will find the discussion about the 
influence of the taper ratio and the damping parameters. 
A) A convergence analysis is performed for determining the appropriate parameters 
of the numerical transformation algorithm:  
• Some known the Laplace transformed functions (see Table 2.3) inverted to time 
space numerically for the parameters 2N (N = 9, 11 and 13) and aT = 6, 8 and 10 
for eight different types of loading and these results are compared by the exact 
results (see Examples 1.1−1.8). Then, these parameters are verified by solving a 
cylindrical viscoelastic helicoidal rod with a square cross-section (see Examples 
2.1 – 2.8). It is observed that it is advisable to use 6aT =  due to the shorter 
erroneous time intervals and small β  values compared to aT = 8 and aT = 10 and 
it’s advisable use 29 calculation points since it gives enough precision in a shorter 
computation period compared to 2N ( 9N > ), 
B) Verification analysis of the finite element results:  
• A cantilever viscoelastic cylindrical helicoidal rod with a constant square cross-
section is investigated for step type loading and sinusoidal impulse, all vertical 
point loads and applied at the free end (see Example 3.1). First of all, a mesh 
convergence analysis is performed for 20, 40 and 60 finite elements. It is observed 
that computation by using 40 finite elements gives enough precision. Then the 
results are compared with Temel et al. (2004) and it is observed that the results 
are quite satisfactory. 
C) Outcomes of the benchmark examples: 
• A viscoelastic cantilever cylindrical helix under step type loading is considered 
for circular and square cross-sections, the net cross-sectional areas are kept 
constant and the influence of the change of the cross-section is investigated (see 
Example 4.1). Material properties used in this example are given same as in the 
Example 3.1. It is obtained that the absolute maximum displacement and rotation 
values of helix with the square cross-section compared to the circular cross-
section for the vertical maximum displacement and the rotations tΩ , nΩ , bΩ  are 
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10.53% (t= 0.83s), 11.32% (t= 0.22s), 9.20% (t= 0.83s) and 128.61% (t= 0.18s), 
greater respectively (see Figures 5.74, 5.75). 
• The viscoelastic cantilever conical and cylindrical helices with a constant square 
cross-section are solved for a vertical step type loading at the tip of the rod. The 
influence of the damping parameter f  and keeping the bottom radius 
1 constantR =  the variation of conic geometry by changing the taper ratio 
2 1/R Rζ =  are investigated. Material properties are given in Example 4.2. First of 
all, a mesh convergence analysis is performed for 20, 40 and 60 finite elements. It 
is observed that computation by using 40 finite elements gives enough precision. 
It is observed that the general rigidity behavior of the helicoidal bar increases by 
decreasing taper ratio (see Table 5.21, 5.24). Increasing the taper ratio decreased 
the displacements *zu  and moments 
*
yM  at a decreasing rate.  From Figure 5.84 
and 5.81, it is observed that as the damping ratio f  increases the displacements 
*
zu  decreases as expected. 
• The viscoelastic cantilever conical helix with a rectangular cross-section is forced 
by a vertical step type point load applied at the tip of the rod and the influence of 
the damping parameter f is investigated (see Example 4.4). First a convergence 
analysis for mesh and the parameter 2N  calculation points are performed in order 
to attain the necessary precision for the results. Similar to the previous examples 
29 calculation points in the time interval gives satisfactory results. For this 
example, results of 20, 40, 60, 80, 100, 120 FEs mesh refinements are compared 
with each other and 60 finite elements satisfies the necessary convergence 
requirements (see Tables 5.39 and 5.40). Similar to the previous examples, the 
non-dimensional vertical displacement 
 
and the non-dimensional moment  
are inversely proportional with the damping ratio 0.02, 0.002 and 0.0002f = , as 
expected (see Figure 5.90). 
 
 
 
 
*
zu
*
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APPENDIX A  
 
Figure A.1 : An interval  which contains the point that a unit force is 
described. 
Consider an interval I  which contains point 0x  (see Figure A.1), where 0x  is the 
point at which we have a unit force that is described by ( )0x xδ −  (see Figure A.2). 
( )0x xδ −  is the Dirac delta function at 0x x=  and has the following properties, 
 0 0( )  at x x x x− =∞ =δ  (A 3.3.1) 
 0( )d 1
Ι
x x x− =∫ δ  (A 3.3.2) 
 0 0( ) ( )d ( )
Ι
x x f x x f x− =∫ δ  (A 3.3.3) 
 
Figure A.2 : The source at x = xo value (see Eqn. (A 3.3.1), (A 3.3.2) and (A 3.3.3)). 
 
  
I ( )0x xδ −
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